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If we agree to call mathematical expectation of any magnitude, the sum of all the
values that it is susceptible to take, multiplied by their respective probabilities, it will
be easy for us to establish a very simple theorem on the limits between which will
remain contained a sum of any magnitudes.

Theorem.
If one designates by a, b, c, ... the mathematical expectations of the quantities
Ty Y, Zye..,
and by a1, by, c1,. .. the mathematical expectations of their squares
2 2

2
T, y-, 2y

the probability that the sum
rtyt+z+---

is contained between the limits

a+b+c-+ava+bi+er+-—a2—b2—c—- -
atbtc-—aar+b+e+-—a2—b2—c2—--

will be always greater than 1 — %, whatever be .

Demonstration.
Let
T1, T2, X3, ... I,
Y, Y2, Y3, --- Ym,
21, 22, 23y - Zn;
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be all the imaginable values of the quantities , y, 2, ...and let

b1, P2, P3, ... Pl
q1, 42, 43, --- Q4m;
T, T2, T3, ... Tn,

be the respective probabilities of these values, or else the probabilities of the hypotheses

r=xy, T2, T3, ... Iy,
Y=Y, Y2, Y3 --- Ym,
Z = 21, 22, 235 - .- Zn

Conformably to these notations, the mathematical expectations of the magnitudes

will be expressed thus:

a =p121+ p2xot+ p3xr3+ - -+ Pz,
) b =gy +ay2+ays+ -+ Gnlm,
c =r121+7T222+ 1323+ -+ Tp2n,
a = prai+poxi+ psai+ -+ pay,
@ b = Q1y§+Q2y§+QBy§+”'+mejw
¢ =r12{+rez5+ 1323+ +rpzy,

Now, as the hypotheses what we just made on the quantities z, ¥, z.. .. are the only
possible, their probabilities will satisfy the following equations:

p1+petpst-+p =1,
G+ Gtat -+ an=1,

3
) et rab et =1,

It will be easy for us to find, by aid of equations (1), (2) and (3), to what the sum of all
the values of the expression is reduced

(x+yut+z+-—a—b—c—-)prqury ...



if one makes successively
A=1,2,3,...1; p=12,3,...m; v=123,...n;...
In fact, this expression being developed gives us

PAQuTw - - - TX + DAGUT - Yoo + PAQuTw - - - 2+
+2DAQuTy - TAY T 2DAQuTy - TAZ T 2DAGTY - Y2y
— 2(a+b+cH+..)pagury ... xx—2(a+b+c+ . )DAGuTY - Yu —
— 2(a+b+c+..)paqury .2y — ...+ (a+ b+ c+ .. )2paqury -

By giving, in this expression, to A all the values from A = 1 to A = [, and by summing
the results of these substitutions, we obtain the sum that is here:

Qury - - (P1a3 + p2xh + psa® + ...+ piay)
+ (pr+p2+pst.o Ap)Qry- Yo+ (PLAP2 AP F D) - 2

v

+2(p1—|—p2+p3—|—...+pl)qu7’y...yuzu...
— 2(a+b+c+..)(prxy + paro+p3xs + ..+ pix)qury -
— 2a+b+c+..)p1 +p2 +ps ..ot )QuTe---Yp
— 2a+b+c+..)p1 +p2 +ps +...+D g2

+ (atbtet . ) (Pr4p2+pat o PGy
If, by virtue of equations (1), (2) and (3), we set in the place the sums

p1T1 + p2x2 + p3xT3 + ... + 1Ty,
P12 + Poti + p3xi + ...+ piat,
pP1+p2+p3+...+p

their values a, a; and 1, we will obtain the formula that is here:

alq#rl,...+qu7',,...yi+q#rl,...zg+...
+ 2aq,7ry .. Y+ 2aqury 20+ 2qu0 Yz,
— 2(a+b+c+..)agury ... —2(a+b+c+.. ). Yy —
— 2(a+b+c+ . )gury. 2 — .o+ (a+b+c+.)2qr, ...

We give in this formula to u the values

w=1,23,...m,

2y



next we sum the expressions which result from these substitutions, and we replace the

sums
QY1+ qy2 + @Yz + ...+ gmYm,

QY+ @y3 + asy3 + -+ Gy,
Q1 +q2+q3+ ...+ qm,

by their values b, b; and 1 drawn from equations (1), (2) and (3), we will obtain the
following expression:

airy .. by T, 22
+2abr, ...+ 2ar, ...z, +2br, ...z, + ...
—2(@+b+c+..)ary...—2(a+b+c+..)br,...
—2(a@+b+c+..)r, ...z, — ...+ (a+b+ec+...)r,

By treating in the same manner v, ... we will see that the sum of all the values of
the expression

(:m—l—y#—i—zl,—i—...—a—b—c—...)QpAq#r,,...7
that one obtains by making
A=1,23,...1; pu=1,23...m; v=123,...n;
will be equal to

a1 +by+cp+...
+2ab + 2ac + 2bc+ . ..
—2(@+b+c+...)a—2(a+b+c+..)b—2(a+b+c+...)c—...
+a+b+c+...)?

This expression being developed is reduced to

ar+b+er+...—ad? - —c2— ...
Whence we conclude that the sum of the values of the expression

(ex+Yu+t2+...—a—b—c—...)? .
012((114-1)1-|—Cl+...—(12—b2—62—...)p)\q# oo

that one obtains by making
A=1,23,...1; p=123...m; v=123,...n;...,

will be equal to % Now, it is evident that by rejecting from this sum all the terms in
which the factor

(@x+yp+t2+...—a—b—c—...)?
a?(ar+bi+e+...—a2—-02—-c2—..)




is inferior to 1, and by replacing it with unity throughout where it is greater than 1, we
will diminish this sum, and it will be less than

1
a?’
But this sum, thus reduced, will be formed only from the products
Px-qu-Ty---,

which correspond to the values of xx, ¥, 2,,. .. for which the expression

(e x+yp+a+...—a—b—c—...)?
a?(a1+by+e+...—a2—-b02—c2—..)

>1,

and it will represent evidently the probability that x, y, z, ...have some values which
satisfy the condition

(r4+y+z+...—a—b—c—...)?2

> 1
a?(a+bi+e+...—a?2 =2 —c2—..)

“

This same probability is able to be replaced by the difference
1—P,

if we designate by P the probability that the values of the z, y, z...do not satisfy
condition (4), or else, that which is the same thing, that these quantities have some
values for which the ratio

(r4+y+z+...—a—b—c—...)?2
a?2(a+bi+a+...—a?2 =02 —-c2—..)

is not > 1; and consequently, that the sum
r+y+z+...

remains comprehended between the limits

atbtc+arvar+bi e+ —a2—b2—c2—--
at+bt+c—avar+bi+e - —a2—b2—c2— -

Whence it is evident that the probability P must satisfy the inequality

1
1-P< Px
which gives us
1
P>1- 2

this which it is required to prove.



Let N be the number of quantities x, y, z, ...; if one puts in the theorem what we
just demonstrated

and if one divides by /N the sum
rt+y+xr+...,

and its limits

a+b+c+ava+bi+er+—a2—b2—c—- -
atbtc-—aJar+b+e+-—a2—b2—c2—--

one obtains the following theorem concerning the mean values.
Theorem.

If the mathematical expectations of the quantities

2 2 2
T, Y, Z,... x°, oy, z5, ...
are respectively
a, b, ¢... a1, by, c1,...,

the probability that the difference between the arithmetic mean of the N quantitieszx, 1,
2, ...and the arithmetic mean of the mathematical expectations of these quantities will
not surpass

1\/a1+b1+cl+... aZ+ b2 +c2 4 ...
t N a N
will be always greater than ,
-
N
whatever be t.
As the fractions
a;+by+c+...
N )
a?+b2+c2+. ..
N

express the means of the quantities

at, blu Cly---
2 2 2
a®, b4, ...,

all the time that the mathematical expectations

a, b, c...
ay, bl7 Cly. -



will not surpass a certain finite limit, the expression

\/a1+b1+01+... aZ +b2+c2+ ...
N N

will have also a finite value, however great that the number /N be, and consequently it
depends on us to render the value of

1\/a1+b1+61+... a?+b2+c2+. ..
t N N

as small as one will wish, by attributing to ¢ a value sufficiently great. Now, as, what-

2
ever be t, the growth of the number N to infinity renders null the fraction tﬁ, we
conclude, by virtue of the preceding theorem:

Theorem.

If the mathematical expectations of the quantities
Ulv U27 U37 o

and of their squares
2 2 2
vy, U;, U;,...

do not surpass any finite limit, the probability that the difference between the arithmetic
mean of a number N of these quantities and the arithmetic mean of their mathematical
expectations will be less than a given quantity, is reduced to unity, when N becomes
infinite.

Under the particular hypothesis that the quantities

Ui, Uz, Us,...

are reduced to unity or to zero, according as an event F has or has no place in the 1%,
ond 3rd Nt trial, we will note that the sum

U +Us+Us+...+Upn

will give the number of repetition of the event E in [V trials, and the arithmetic mean

U +Us+Us+...+Upn
N

will represent the ratio of the number of repetition of the event E to the number of
trials. In order to apply to this case our last theorem, we designate by

Pla P27 P37"'PN

the probabilities of the event F, in the 1%, ond 3rd Nt trial; the mathematical ex-
pectations of the quantities

U17 U27 U3)"'UN



and of their squares
2 2 2 2
vy, Us;, U;s,...Uy

will be expressed, following our notation, by

P1.1+(1—P1).0; P2.1+(1—P2).0; P31+(1—P3)0,
P12+ (1—P).0% P12+ (1—P).0% P12+ (1—P5).0%...

Whence one sees that these mathematical expectations are
P 1 P, 2, P. 3y
and that the arithmetical mean of the [V first expectations is

Pi+Py+Ps+...+ Py
N b

that is the arithmetic mean of the probabilities Py, Ps, Ps,... Py.

Hence from that, by virtue of the preceding theorem, we arrive to the following
conclusion:

When the number of trials becomes infinite, one obtains a probability, as close as
one wishes to unity, that the difference between the arithmetic mean of the probabilities
of this event, during these trials, and the ratio of the number of repetitions of this event
to the total number of trials, is less than any given quantity.

In the particular case where the probability of the event remains the same during
all the trials, we have the theorem of Bernoulli.



