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Introduction by the Translator

1. Pafnuty Lvovich Chebyshev (Tchébichef) (1821 — 1894) was one of the two most eminent Russian
mathematicians of the 19" century (the second, or, rather, the first one was Lobachevsky). In the theory
of probability, he proved the law of large numbers in a general form and thoroughly studied the
conditions for the central limit theorem (a term introduced by Polya in 1920) providing, in 1887, the
necessary framework for its definitive investigations carried out by his former students, Markov and
Liapunov. Chebyshev also dealt on both of these most important topics in his lectures on probability
theory that he delivered at Petersburg University from 1860 to 1882. The authoritative Russian sources
about his work are [1 — 3] and I myself published a paper [4] discussing his lectures on probability; its
conclusions would be an useful supplement to this Introduction and to my notes in the main text below”.

In 1936, Aleksei Nikolaevich Krylov, a naval architect and an applied mathematician, published
Chebyshev’s lecture notes as written down by Liapunov in 1879 — 1880 (see Krylov’s Foreword which I
am now presenting in translation below). In 1999, my translation of the lecture notes appeared as a
microfiche edition published by Verlag Dr. Hinsel-Hohenhausen in their series Deutsche
Hochschulschriften, No. 2665, Egelsbach, but the copyright to ordinary publication is mine.



2. This translation contains Chebyshev’s own footnotes as well as notes by Krylov and me (my notes
are in curly brackets), all of which are collected at the end of the appropriate subsections, and an Index of
names compiled by me.

The readers of the Russian edition undoubtedly noticed many dozens of misprints in mathematical
formulas and an almost total absence of periods after displayed formulas and (effectively) new sentences
beginning then with a lower-case first letter of their first words. The only possible explanation of this sad
state of affairs seems to be that Krylov, in spite of his testimony provided in the Foreword, had not
rewritten the original manuscript himself. The type-setter (an apprentice?) had contributed to the
wrecking of the formulas; and hardly anyone read the proofs. I have corrected the misprints without
special notice but I did not check all the formulas; and when I write something like Chebyshev had not
..., the fault can well lie elsewhere rather than with him or Liapunov.

3. I had not improved on Chebyshev’s style of oral presentation and I attempted to preserve his
mathematical terminology and notation [value of integral; exactly contrary events; mathematical
expectation (dropping however the adjective in §3.3); equations in finite differences; 1lim P , - (] or used
it either more often than Chebyshev (exp [f (x)]) or throughout rather than exceptionally (i instead of V—
1). Then, I myself introduced the notation C," and n!. On the other hand, disregarding a single
exception, I have not retained Chebyshev’s notation (§3.3)

IT1 =2 ptm

for the sums of probabilities. Chebyshev transformed such sums and arrived at appropriate integrals with
limits 7, and #; (say) being functions of L and M respectively. Just the same, I have not preserved his
similar use of letter S instead of II in §§83.3.9 —3.3.10.

The numeration of the formulas was chaotic; furthermore, it did not enable the author to refer to his
previous results and he rewrote many formulas time and time again®. I ordered his numeration assigning
numbers to those formulas which were marked by asterisks or Greek or Roman letters, and the numbers
are now running consecutively through each chapter with no separate systems of them appearing
anywhere anymore. In addition, I numbered many more formulas needed for references by using a
parallel system of Roman numerals. Note that the formulas which Chebyshev included in his main
system are now printed in bold type.

In conclusion, I note that in a few cases Chebyshev had not shown

the necessary intermediate steps (§§83.1.5 and 3.3.19).

Janee clieqyeT AOMOJHEHNE
Notes

1. I have subsequently described Chebyshev’s work in probability [5, Chapt. 15]. In particular (pp. 205 and
206), I noted that Tikhomandritsky, in 1898, stated that in 1887 Chebyshev had remarked that it was necessary
to transform the entire theory of probability. 1 also described an episode proving that Chebyshev had
considered the Riemann geometry and the complex-variable analysis as trendy disciplines.

2. In this respect Markov followed his teacher.

References

1. Bernstein, S.N. (1945), Chebyshev’s work in the theory of probability. Coopanue couunenuii (Coll.
Works), vol. 4. N.p., 1964, pp. 409 — 433. Transl. in DHS 2656, 1999, pp. 67 — 96.

2. --- (1947), Chebyshev and his influence on the development of mathematics. Uchenye Zapiski Mosk. Gos.
Univ., No. 91, pp. 35 — 45. Transl. in Math. Scientist, vol. 26, 2001, pp. 63 — 73.

3. Youshkevich, A.P. (1971), Chebyshev. Dict. Scient. Biogr., vol 3, pp. 222 — 232.

4. Sheynin, O. (1994), Chebyshev’s lectures on the theory of probability. Arch. Hist. Ex. Sci., vol. 46, pp.
321 - 340.

5. --- (2004), History of the Theory of Probability to the 20" Century. Berlin.



Chapter 1. Definite Inegrals
1.1. Preliminary Remarks and the Integrals of the First Group

1.1.0. We shall call definite only such integrals whose limits are constant magnitudes. Thus, we shall not
consider definite integrals of the type

——

dx
— =Inux.
X

Many definite integrals can be deduced from indefinite integrals but we shall only treat such of them which
cannot be determined in an indefinite form. For example, the integral

J. exp (— xz) dx

cannot be determined because it represents a transcendental function unknown to us. At the same time, we can
find its value if we add the limits O and co; the integral will then equal Vr/2. This happens because we do not
have such a function that shows how the quantity of the area OAMB ' changes depending on the change of x.
This, however, does not preclude the possibility of determining the quantity of all the area restricted by the
curve

y = exp (-x). Q)

In such investigations it is impossibile to apply a direct approach and we must perforce choose an indirect
way. For this reason the methods used are extremely diverse and often numerous. Definite integrals are
separated into several groups and special tricks exist for each of these. In addition, various scientists determine
one and the same integral by different methods. Our method is this: Issuing from known double integrals and
changing the order of integration, we shall determine the definite integrals. We do not aim at deriving the value
of a certain definite integral; on the contrary, we shall rather determine various definite integrals from a given
double integral.

Thus, the change in the order of integration will be the foundation of all our conclusions. Such a change is
known to be only possible if the integral might be considered as the limit of a sum,; this, in turn, only holds if
the integrand remains finite within the limits of integration. For example, the integral

1
dx
= =

=2

cannot therefore be regarded as the limit of a sum because the integrand is infinite at x = 0. This is even
obvious also because the integrand takes positive values for any x lying within the limits of integation so that
the equality above is impossible.

The same remark may be made concerning the integral

Its value can be represented in a somewhat different way. Since
' = cosh + isin®,

it follows that

0i = In (cos® + isin0).



Setting here 6 = nw (2n + 1), we have

1
n(2n + 1)i =In(- 1), — ax =mni(2n + 1).
X

This integral thus has an infinite set of different values, all of them imaginary. This can be explained by

noting that, while integrating, we could have led x through imaginary values; many paths of integration are
here possible which indeed explains the indefiniteness of the integral.

Note 1. {I do not reproduce the appended figure (which Chebyshev had not mentioned in his text). The

equation of the curve there represented was not specified and it was drawn wrongly: at point B(0; 1) the curve
(1) was not perpendicular to the axis Oy.}

1.1.1. We begin with the integral
y=p x=c

.[ e dx dy.

y=a x=0

For the integrand to remain finite it is neceesary that o > 0 and B > 0. These conditions will indeed restrict
our investigation. We have

eVdx = —e/y,
[ eva Y,

therefore
.[ e dx =1/y.
0
Then
B d B = o0 B
[ =m@a=| [ e¥drdy = [ ax][ e ay.
o y a 0 0 o
However,
B - px —ax —ax = fx
J‘e*xydy=e _e” _e e
> -x —X X
so that
oo -ax _ ~fBx
[ “———dax=m@po. )
0 X

This integral is almost the most important one. We shall indicate one of its applications. Supposing that =
n and o = 1, we have

-ax -Bx

J‘ idx = Inn.
0 X

Assuming that n takes differenct values from 1 to (n — 1) and adding up the expressions obtained, we get



o _ —x —x —2x —(n-1)x
[ — 1)1 = J- {(n De” e’ +e " +..+e ]dx
0

X X

or

—nx

In[(n — D] = T [(n—l)e—X—ﬂJ@.

e -1 )x

This integral thus allows us to express the logarithm of the product of natural numbers which is sometimes
useful.
Integral (1) is usually written down in a somewhat different form. Suppose that

x = In (1/z), then dx = —dz/z,

2 AN _ B 3 ¢ za—Z'g% — ﬁ
!). —dx——.[ _lna

1 —Inz z

I—Z —Z dz = In(a/B). (2)
0 Inz

We arrived at this conclusion under the assumption that o and B were positive magnitudes which of course
presupposes that they were real numbers. Assuming however that they are imaginary magnitudes, and issuing
from the integral (1), we can secure some notion about the value of the integral

dx.

T sincx

0 X

We say some notion because our assumption leads to a non-rigorous conclusion, that, like all suchlike
inferences, fails to provide, as we shall see now, the desirable results.

Suppose that o =—ci, B = ci where c is some real magnitude. Then
ot eicx _ e—icx
j £ 7% dx=InE1)
0 X
and, since

[(€) — (e7")/2i] = sincx,

it follows that

j SN Hidx = In(=1) = 7
0 X
so that
j SINEX 1y = 2. (i)

0 X

We have thus determined the value of this integral. However, In (- 1) is an indefinite magnitude and n(2n
+ 1)i should have been taken instead of mi, and already this circumstance indicates that the result is doubtful
because the integral ought to have a single and quite definite value. In addition, the expression obtained does



not depend on ¢ so that the determined value holds only for positive ¢’s whereas, according to the assumption
made when deriving this integral, we have only suuposed that ¢ was a real magnitude. Strictly speaking, we
have not thus obtained the result sought.

1.1.2. Consider now the integral

B o

J. dy j e sincx dx.
0

0
Now

.
ccoscxdx =

e Vsincx J- e

J. e ¥ sincxdx = —
y -y

s
_ g smex (c/y) J. e cos cx dx.
y

Therefore

J- e sincx dx = (c/y)J- e cos cx dx
0 0

but

—Xxy

e vV coscx J- e

J. e ¥ coscxdx =
-y -y

(—c¢)sincxdx =

(17y) - (c/y)J- e ™ sin cx dx.
0
Thus
J. e sinexdx = (D) — (EHD) J. e sin cx dx
0

and it follows that

o o

J. e Vsincxdx = ¢ , J. eVcoscexdr = — J 5. (3; 4)

7 0 c+y

These integrals are very important because they enable us to express the algebraic fractions in (3; 4) through
definiote integrals which very ofdten simplifies the solution of many problems. Note that the integrals (3; 4)
can also be determined in the indefinite form.

Supposing that y in these integrals gradually decreases tending to zero, we have, in the limit,

c’+y?

=

J‘ sincxdx = 1/c, J‘ coscxdx = 0.
0 0

It is easy to see, however, that the obtained integrals possess no direct sense because neither sin cx nor cos cx
approaches any definite limit as x increases to infinity. Taken by themselves, these integrals are therefore
indefinite magnitudes. Nevertheless, when considered as the limits of integrals (3; 4), they have quite a definite
value as found by us.



]3 e+ e ™ du T _ap

. = —0e
2 2
0 2 p +u 2p
Substituting positive numbers n;, no, ... instead of n, we get in the right side factors exp (—ni p),
exp (—ny p), ... and, multiplying the obtained integrals by Aj, A, ... respectively and adding together

the results we shall find
(1/2) j [Arexp (= nyui) + Arexp (- naui) + ... Arexp (nui) +
0

Arexp (npui) +...] zdu > =
p tu

21 [Aiexp (— njui) + Azexp (—npui) +...].

4

Suppose now that

f(x) = Ajexp (—n1x) + Azexp (—n2x) + ... (ix)

and the last integral will become

]3 S(ui)+ f(-ui)  du

2 pr+u’

= Z ). (18)
2p

0

We have thus derived the required formula. The non-rigor of this derivation consists in that (18) holds only
for such functions which may be expanded into the series (ix) where A, A,, ... are some constant
coefficients, whereas, having no criteria for distinguishing between functions that may, and may
not be expanded into such a series, we consider (18) as though valid for any function.

Assuming

f(x) = Aiexp (—n1x/a) + Azexp (—nxx/a) + ...

we shall find

]3 f(aui)+ f(-aui)  du

T
= —f(ap).
2 p2+u2 pr( 2

0

Differentiating this equality with respect to a, we shall obtain

T fl(aui)— f'(—aui)  ui V3
. du = —f'(ap)
'([ 2 pP+u? 2
and therefore
o ’ . _ ’ _ . d 7[
J- [ (aui) f( am). ? u =~ Trap).
0 2i p tu 2

Denoting f'(x) = ¢ (x) we get



T @ (aui) — ¢ (-aui)  udu

T
= - = ) 19
> o 5, ¢ (ap) 19)

0

If now f(x) = y' (x), the integral (18) will provide

Ed ’ . + ’ _ . d 7[
J- V' (aui) + Yy ' (—aui) : u = " yap).
0 2 p tu 2p
Integrating this equality with respect to a between the limits 0 and a we shall find
T f y(aui)+y'(—aui) _du  _ 7 y(ap) -y
5 0 2 p2 +u’ 2 p2 )
However,
J- \If’((ll/ll‘) da = l//(aul) _ l//(O) i J- Wr(_ aui) da = l//(O) B l//.(_aul)
0 ui 0 ui
and we obtain
]" y(aui)—y(-oui) du  _ x y(ap)-y(0)
0 2ui pP+u’ 2 p’
or
[ y(aui)—y(—aui) du _ 7 y(ap)-y(0)
| . — = APV (20)
g 2i u(p”+u") 2 p

Integrals (18) — (20) are to be found in a contribution by Abel and one of them is in Bertrand’s writing,
but the general formula that interests us was first given by Cauchy. We conclude here the study of the
integrals of the second group.

1.3. Integrals of the Third Group

1.3.1. The integrands of the integrals that we shall now study contain functions which could at first
sight seem to be algebraic whereas in essence they are special transcendental functions. These integrals
are of the type

o0 A

| T dx (x)

y l+x
where A is any number. We shall therefore begin by saying a few words about algebraic functions in general.
We call algebraic only such functions that are the roots of the equation

Ay" + Ajy"™ 4+ Ayt

+...+A0y+A, =0

where 7 is an positive integral number and the coefficients A,, Ay, ..., A, are some integral functions of x. Functions
not fitting in with this definition no longer represent algebraic functions so that x* that cannot satisfy our equation at all
values of A is a transcendental function, but it becomes algebraic as soon as we assume that A is a commensurable
number.'

We shall now indeed consider the integral (x) at any A. But we shall note first of all that this integral
will have a finite value only for values of A within 1 and — 1. Indeed, for A > 1 the degree of the
product xxt = K will be higher than 2 and the integral, in virtue of a known theorem, will be
infinite. And for A < —1, setting x = 1/z, A = — p and p > 1, we have



Zﬂ

1+z° dz.

- w
;'; 1+x2dx=£

This means that the integral will {again} be infinite. For A = + 1 we obtain

= e
dx = (1/2) [In(1 + x = oo
! e = (1) (1 + )]
) —1 0 -1 )
x (1/z2) dz 4
d = —_— | = d = 00,
! e i 1+(1/z2)[ zz] j e

Ifnow A = a + ip it will be necessary that o be contained between 1
consider the integral (x) assuming that 1 > A > — 1.

Note 1. {Chebyshev’s term.}
1.3.2. We have

A
1+ x?

dx,

St 38
=
&
1l

1 x/l oo
J‘ sdx + J‘
y l+x |
but

2 1
dx J‘xk(l + ) ldx =

0

1

;[ 1+x°

Jl‘ x}“(l e A +...)dx =J1. X" dx —Jl. X dx +
0 0 0

1 1

|

4
K dx —.[ O dx + ..
0
In general, however,

1 A+m+1 1 1
J- x)»+l’l’l dx — [
0

A+m+1°0 - A+m+1

because, under our conditions regarding A, (A + m + 1) is always positive.
then

A+m+1 ) o+m+1 xﬁi

lim (x =0 = lim (x ) x=0-

Since P can be negative it could seem at first sight that xP can be infinite, but
that this factor cannot exceed some boundary. Indeed,

X = P = cos (B Inx) + i sin (B Inx)
and therefore in any case
llm (xk+m+1)x:0 — 0

if only a is contained within the boundaries indicated above. Thus,

¢ X 1 1 1
j 1+x2 * y) B "
0 X +1  A+3  A+5

The second integral is

and — 1. Thus, we shall

fA=0a+pi

it is not difficult to prove



71

{ +(1/z) ! 1+

[

But, because of the above, the last integral is equal to
1 1 1

-A+1 —-A+3 —A+5

And so
o )
J- xzdx:(l ) = ( + 1)+...:
o 1+x 1+4 1= /1 3+/1 3-4
2-1 2-3 2-5

“FE T3_p T e_p - @D

We have thus expressed our integral as a series whose sum we still ought to determine.

The similarity of this expansion with the decomposition of rational fractions into partial fractions at
once arrests our attention. Indeed, we can present (21) as
Toox 1 1 1 1
J‘ sdx = - -
1+ x A+1 A-1 A+3 A-3

0

However, any rational fraction f(x) /F (x) where F (x) has no multiple roots can be represented as

S _ f) 1 + flx) 1 4 flx) 1
F(x) F'(x) x—x F'(x,) x—x, F'(x;) x—x,

so that in our case the roots of F (x) are
1,3,5 7, ...,-1, =3, -5, -7, ...

and f(x)/ F(x) = 1 atany x equal to one of the roots of F (x). And we shall now determine the
function F (x) satisfying these conditions.

1.3.3. Let us consider the function
F (x) = cos(n arccos x)

where n is any integer. It is easy to show that F (x) is an integral function of the n-th degree.
Indeed, substituting arccos x = ¢ and noting that

cosng = [e" + e ""12
we shall find that
F(cos ) = cosng = [e"” + ¢ "]/2.

+noi

However, e = cos n® * isinn@ so that

F (cos @) ={[cos n¢ + isinne] + [cosne — isinn@]}/2 =
{[cos @ + isin@]" + [cos ¢ — isin@]"}/2.

Thus

F (x) = cos(narccos x) = (1/2) [(x + Vx> =1)" + (x — vx*=1)". (22)



The terms that include odd degrees of the root will depend on it; however, it is not difficult to see that
they will finally cancel out so that we shall obtain for F (x) an integral rational function. Since

Vai =1 = x — (1/2)-(1/x) = (1/2)-(1/2)-(1/2)-(1/x°) — ...

we have

X = X =1 = (172)-(1/x) + (1/2)-(1/2)-(172)-(1/x) + ...

and the term [x — vx*—11]" in (22) will contain only negative powers of x; all such terms will
finally cancel out with the terms containing negative powers of [x — Vx> —11" and only the
integral part of this expression will be left. Denoting {here and in the sequel} the entire part {of a

function} by E, we can express this result as

F@) = E{[[x — vx*=11"/2]}.

Contributions concerning the study of such functions are mainly due to Chebyshev so that the
expression (22) is also called Chebyshev polynomial. At present, such investigations are included in
many writings on integral calculus,” and, for example, in England they can be found in many courses in
integral calculus under the heading Chebyshev’s works. Zolotarev’s studies concern similar
issues; more precisely, issues relating not to circular but to elliptic functions. Accordingly, they are much more
complicated, but also less important than the works of Chebyshev.

Suppose now that n = 2m where m is an integer. Then

m m-1

F(x) = cos 2Qmarcos x) = AgxX™™ + A X" + + Ayx®™? + ...

We shall try to expand the function 1/F (x) into partial fractions. To attain this goal we shall find
the roots of the equation

F(x) =0 or cos 2marcosx) = 0

and prove that all of them are different. It is not difficult to see that this equation is satisfied if
Qk+x
arccos x = ————
4m
where k is any integer. Assuming that it takes different values from 0 to (2m — 1), we obtain the

following roots of this equation:

k=0, x1 =cos(@dm); k = 1, x, = cos (3n/4m);

k =2, x3 = cos (5n/dm); ...; k = p, xu41 = cos [2u + Dn/4m];

k=2m—p -1, xp_p = cos[(dm — 2u — Dn/dm]; ...

k=2m -1, xp, = cos [(4dm — 1) n/4m].

Since the equation F (x) = O {above} is of degree 2m, it cannot have any  other roots. It is seen
therefore that all of its roots are different and moreover real. For this reason our expansion will be of the
type

1:,1_1_,1.1_'_“.:2,1_1’

F(x) F(x) x—x F(x,) x—x, F(xﬂ) X=X,
However,

Fi(x) = 2ms1n(2marccosx)’

\/l—x2
Fix) = 2m sin{2marccoscos[(2u — 1)z /4m]} — om sin[Qu—1)7/2] .

sin[(2 — )7t/ 4m] sin[(24 — 7/ 4m]



But sin[r 2u — 1)/2] = (= D" so that

2m
sin[Qu — D7z /4m]

F(x,) = (= D"

Thus,

1 _Z sin[(2,u—1)7z/4m]. 1
cos(2marccos x) 2m (=D*! x—=cos[u—-1)x/4m]

sin[(2u — 1)/ 4m]

RN
A2m3, 1 x—cos[(24 — 1)t/ 4m]

where the sums should extent consecutively over p = 1, 2, ..., 2m. We
remarkable formula

2m :Z ! sin[Qu — 1)z /4m]
cos(2marccos x) x—=cos[Ru—-1)x/4m]

from which, assuming that arccos x = ¢ and m = 1, we can derive the
cos 2¢ = 2cos2(p - 1.
For x = cosp we have

2m g sin[Qu — 1)/ 4m]
=T = E — M . 2
cos2me@ 1 cos@ —cos[(2Qu—1)x/4m] 23)

We shall compare now two terms of this formula, those where u = k and
Introducing, in general,

sin[2u — 1)z /4m]

D = (-1 p-1
W = o cosl@u— e/ 4m]
we have
@ (k) = (- D! sin[(2k — 1)/ 4m]

cos @ —cos[(2k — )z /4m]’

O2m+ 1 -k = (- 1)2m—k sin[(4m+1—-2k)x/4m] _
cos@ —cos[(4m+1-2k)mw/4m]

. sin[(2k — )7/ 4m]
D" cosg+cos[(2k — D/ 4m]

It is therefore seen that in our expansion the sum of the terms equally distant

Ok +D2m + 1 - k) = (- D! sinw.
4m
I 1

[ cos @ —cos[(2k — 1)z /4m] cos @ +cos[(2k — 1)z /4m]

now have the following

known formula

u=_0Cm+1 - k).

from the middle is



sin[(2k — D)7z /2m] _
cos’ @ —cos’[(2k — 1)z /4m)]

D"

sin[(2k — 1)/ 2m]

D" — ——.
sin“[(2k — 1)z /4m] —sin” @]

Formula (23) thus becomes

2m _ Z 1! sin[(2k — 1)/ 2m] (23"

cos2me sin’[(2k — 1)z / 4m]—sin® @]

where k should be changed from 1 to m inclusively.
Suppose now that ¢ tends to zero and m increases indefinitely in such a way that the product 2m ¢,

which we shall denote by m A/2, remains finite. We shall try to find the limit of our sum under these
conditions. We have 2m = m M2, therefore
Axl2¢ Z C 1! sin[(2k —1)2¢7 | 7]
cos(Ax/2) sin’[(2k —1)27@ /2 Ax] —sin® @

et sin[2Q2k - Do/ 2]
2 D sin’[(2k — 1)@/ A]-sin’ @’

zl/2 _ Z (- l)k_] s1n[(2k - 1)2¢//1] _
cos(Ax/2) (A1 @)sin*[(2k — 1)@/ A1 — (A/ @)sin’ @

N sin[2(2k — 1)@/ 4]
2. D Asin[2k - Do/ Al ) —[Gsing)/ @

And, since in general
lim [sin (N@)/@]g=0 = N,

712 & e 2Qk=D/A
[cos(/m/z) oo =2, 1) Ak -1/ AP -1

L 20k-1)
Y 0ty o2

Thus, we find the following expression

72 T - 202k 1)

—— - = —_— 24

cos(Ax/2) k=12 24
where k should take all the integer values from 1 to oo. Evidently, since A is here determined by the
condition

)\. = (4m(|)/n)(p=07 m = oo
it may take all possible values including incommensurable ones.’If A has value of the type (o +
i), which is only possible if ¢ takes imaginary values (because m is a real magnitude), the
obtained formula is also valid in this case, because, when determining the limit of the sumat ¢ = 0

and m = oo by means explicated in the differential calculus (the method based on geometric



considerations that we applied in this case { ? } evidently will not do), we would have arrived at the same
expression.

Note 1. Alekseev, N.N. Humeepanvnoe ucuucnenue (Integral Calculus).
Note 2. {Cf. Note 1 to §1.3.1.}

1.3.4. We may represent the expression (24) in such a way:

zl2 2-1 2-3 2-5

cos(Az/2) 1-2  3-7 5-2

Supposing now that A is contained between the boundaries — 1 and 1, and comparing this equality with
(21), we shall have

o P!
[ = = T2 <t (25)
0 cos(Ax/2)
We have thus found the integral sought. It is sometimes expressed in a different way. Substituting x
= ¢° we shall obtain
ﬂ./z o Az 0 /1 /’lZ
2 [ do + &
cos(Ax/2) e+ e ‘+e , e +e
However,
0 Az - Az it -z
] = st ]
coete , € +te , € te
and therefore
oo Az -Az
+e " 2
J St T2 (26)
. e +e cos(Ax/2)
Assuming now that A = i, we shall get
T zﬁl+e” J- ZCos,Bz /2 B y4
. e te Cete . e +e cos(,Bm'/2) P e
Thus
T ocosfz /2
?')‘ e+ et dz = e—ﬂn/2+e/3z/2 : (27)
Even more remarkable is another modification of the integral (25) to which we can arrive by

substituting x* = z, dx = (1/2) z'* dz:

Al2
g = T2
Z cos(Ax/2)

Al2-1/2
T

dz = ————.
1+z cos(Ax/2)

St O3



Supposing here that A/2 — 1/2 = n — 1, we shall find

T 4 & = 7 _ n _ .z
o l+z cos[(n—1/2)x]  cos(w/2—-m)  sinm’

If now z = x/(1 — x) we shall have finally
1

[ ™0 -n7dx= "~ 0<n<l (28)
0 sinzm
In such a form this integral is a particular case of the Euler integral of the first kind
1
[ xa - 0" ax
0
with A = n and p= —n — 1. We shall now go on to considering such integrals.

The Euler Integrals {§§1.3.5 - 1.3.14}

1.3.5. An Euler integral of the second kind is the integral

1 -
J. X’ le Y dx
0

which is usually denoted I'(v) as a function of v. And, as stated above, the integral of the first kind is
1

J. P ¢ R R

0

There is no special notation for this integral; however, some authors denote it by (A; p), others by B
(A; ). We shall adopt the fist symbol, so that, replacing v by n, A by p and p by ¢, we have

1

J. xPN1 - 0 dx = (p; g), (29)

0

J‘ " le ™ dx = T(n). (30)

0

In order to consider these integrals as limits of some sums it is necessary that  the parameters n, p, g be
positive; otherwise, each integrand becomes infinite at one of its limits. We shall therefore assume
that n > 0, p > 0, q > 0. True, the integrand in (29) becomes infinite at each of the limits, and
in (30), at the lower limit, when the parameters being positive are less than 1. However, it can be proved
that in these cases the integrals are finite. Indeed,

oo 1 oo
J‘ X'l dx =J‘ X' le " dx +J‘ X' le " dx.
0 0 1
Supposing now that n is a positive proper fraction,' we shall find that

1 1
J‘ e " dx <J‘ O Vdx
0 0

or that
1

1
J. K le ™ dx < [X'/n)
0 0
This integral is thus finite at any positive n whereas

J. X' le ™ dx < J. e “dx < /e
1 1

As to the Euler integral of the first kind, it will also be finite at the stated
values of the parameters p and ¢g. Indeed, we shall soon prove that it is
connected wuth the integral of the second kind by the remarkable equation



I'(p)T(g)
L) = PP 31
®. 9 T(pta) (31

However, before proving this relation, we shall indicate some properties of the
Integrals of the first and the second kind beginning with the latter.
When integrating by parts, we find that

AR e R A
Z[xle dx=[n]0+£ ndx=(1/n)£xe dx,

1.e., that
I'(n) = /) T(n + 1).

Therefore,
I'n + 1) = nT(n). (32)

In the same way

I'n+2)=m+ DI+ 1), T(n +3)=0m+ 2)I'(n + 2), ...
I'n + m)=0m +m-1DIn+m-1).

Multiplying these equalities we obtain
I'n + m=nn+1Dn+2)...n + m - 1DI0).

Assuming that n» = 1 and noting that

=

r(1) :j e Fdx = 1
0
we find for any integral m the following equality

I'm + 1) = m!. (33)

It is seen now that I'(2) = 1 = I'(1) so that between 1 and 2 the function I' ought to have a minimum (the

second derivative of I'(n) 1s always positive). Consider now the integral
1

P @) =[x -0 dx
0
where p is supposed to be any positive number and ¢, a positive integer greater than 1. Integrating by parts,
we find that

P @) = ["p) (1 = ») ‘f‘l](l) + (Up) [ x"(g - DA - 0" dx
so that
;@) = (g — Dipl(p + 1 g - D).

Hence

p+Lg-1D=[g -2/ + DI+ 2; q-2),
w+2,9g-2)=[(g-3)/@p+ 2]+ 3 q-3),
p+kqg-kb=[g-k-1D/p+blp+k+1qg-k-1

if only we admit the inequality ¢ — k£ > 1.



Multiplying these equalities we obtain

-D(g—2)..(g—k-1)

N U
v: p(p+D.(p+q)

@+ k+1,9g—-k-1).

Assuming that ¢ — k = 2 we get

(g—1)!
p(p+D.(ptqg-2)

0 @ = P-q-1 1.

This equality will be valid for any positive p and positive integer g. However,
quality yp P g
1
1
P+qg-11)= | x"dx = ——.
~([ p+qg-1

Therefore, we obtain, for such values of p and g,

(q-1)!
; = . 34
VD) = D+ (pra—D) G

If we assume now that p is also an integer, then it follows that

c = g=Dip-=D! _ T(pI'(p)
D= g Tt

And so, the equation (31) is proved for integer values of p and g.
Note 1. {Here, and in many cases in the sequel, Chebyshev as though avoids irrational numbers. }

1.3.6. In order to prove the validity of (31) in the general case, we consider the double integral

] _J' J' Pl =Xy Pl Y gy gy,

Integratmg first with respect to x, and then to y, and substituting xy = z, we shall have
° ° r
J. xP e ™V dx = (I/y”)J. 27 e dz = = (f),
Yy
0 0

p+q 1

L(p)e™dy = I'(p) I'(q).

=[5

Integratlng now in the other order and assuming that y (x + 1) = u, we find that

J‘ yp+qflefy(x+l) dy — (x+11)p+q J‘ Mp+qflefu du =
0
! r
G P + 9,
Xp_l p 1

<p+q>dx—r<p+q>j

J. p+q p+q dx
) (x+D) (x+1)

Therefore

T X”"+ dx=F(p)F(q)_
(x+1)P™ I'(p+q)

(x1)

0



Supposing that p + ¢ = 1 and using formula (28) we may incidentally derive the following
remarkable formula

I'prad - p) = si:;ﬂ (35)

which is very important in the practical sense for compiling tables of the values of the function T'. It
shows that, within the interval (0; 1), it is sufficient to calculate the values of I" only for the argument not
exceeding 1/2; the other values will be determined by formula (35).

We return now to the integral (xi). Assuming that x = z/(1 — z) so that 1I/(1 + x) =1 - z and dx
= dz/(1 - z)°, we obtain

1 p-1 1 p-1
J' x—+dx= J' Z—4(1 _ Z)Pﬂli2 -
o (x+D7 , (1-2)° (I-2)
1
[ 27 - 9%z = ¢r g,
0
hence (31). This equation shows that (p; ¢) is a symmetric function of p and ¢ which can also be

proved directly by setting z = 1 —y:

1 0
Py =] 270 - Tdz = =] (1= plyTlay =
0 1

[ ye'a - wray = @ .
0
Thus, the validity of the equation (31) is proved for all values of p and ¢ for which the double
integral at the very beginning of this subsection might be considered as the limit of a sum. This last is true for
any positive p and ¢  because, when integrating in the first order, we arrive at the product I'(p) I'(g),
and, according to the above, each of these two factors is finite for all positive  values of p and gq.

1.3.7. Assuming that p = 1/2 in (35), we have
[(1/2) = \r. (xii)

But, in accord with (9),

=

[ exp (-2 dx = (112)T(172).
0
The same result can also be obtained directly by setting x* = z. Then, indeed,

= o

[ exprax = e“(12)z "z =) [ 7?7 e 7z =
0

(1/2) T(1/2).

1.3.8. A remarkable equation connecting the values of the I function can be derived from equation (31).
Supposing that p = g we have here

I(Ie)

(p; p) = r2p)

Transforming the left side of this equality we obtain



xPN 1 = x) P dx

(p; p) =

1 1
j ((1/4) — [x — (1121} dx = (1/4) 7 j [1 — 2x — 1?7 dx.
0 0

Setting 2x — 1 = z we arrive here at

O Sy —

1
j [x (1 — x)]" " dx =
0

1 1
47! 477!
because the integrand is an even function. Assuming now that 7 = u,wefind that

1
p; p) = =
1

22p—1

(p; p) =

1 1
j (1 - AP 112 d; = j (1 - g
-1 0

1
j A - w” " (112)u"du =
0

1

_ 1
[ w0 - w" du = S (1123 )
0

Thus,

I'(pI'p _ 1 Td/2)I(p)

I'2p) 2277 T(p+1/2)

and, on the strength of (xii), we obtain

') I'(p + 12) = % I'2p). (36)

This remarkable formula was first discovered by Legendre.

1.3.9. Let us now go over to integrals expressed by the logarithm of gamma. In §1.1.1 we found that for any
positive and integer n
w (n=1)e*— %
Inf(n - I = | l—e” g
0 X
and on the strength of formula (33) this is equal to In I'(n).
We shall prove that this formula is valid for any values of n for which I'(n)  can be taken. We have, in

general, formula (30). Differentiating it with respect to n, we obtain

dT(n)/dn = | e *x" 'Inx dx.
0
But, in virtue of formula (1), we have

hod -z —-Xz
e —e
Inx = I —dz
0 Z

Therefore
dT(m)/dn = [ e 2" | € T drdx =
0 0 <

> -z —-Xz

_ L ef—e
J. e *x" V" drdx
0 Z

S =3

Integrating here with respect to x, we arrive at

= oo =

J‘ e “x" e t—e " dx = eiZJ. K e " dx —J‘ e "D =ty

0 0 0
and, setting x (1 + z) = ¢, we obtain

. _ 1 P I'(n

J‘ e x(1+z)xn ldx _ J. e ttn Zdt _ ( )

) C (+2)" C (+2)



so that

0
dF(n)/dn=J. [e *— (1+z)_"]l“(n)%,
< Z

hence
dl'(n) 1  dInl'(n) _ ¢ . dz
dn TI'(n) - dn _!). e -+ > 7

It follows that

n =

j d1nT(n) = InT(n) :j [e™ = (1 +2)7"] & dn,

——

1 0 <
In T'(n) :j (n - l)e_zd— J. xa” )" Ly
7 Z 0 —ln(1+z) 1 z
Thus
I -n _ -1
T = [ [0 - De* + d+2)" -+ ,dz
0 In(1+z2) z
Noting now that I'(2) = 1, we have
) -2 -1
:J [e-: 4 UFD -0+ d
0 In(1+z) Z

and, consequently,

(I+2°-(+)" dz _
In(1+z) z .
Subtracting this equality from the preceding one we shall have

T [(m - De “+m-1)

T (42" =(+2) " +(m-DA+2)" =(1+2)7] dz
0 In(1+2) Z
and, assuming that In (1 + z) = x, we find that

InI'(n) =

InT(n) = [ [e™~e "+ (n-De “(1-e ] ‘ ax
e —1 x
Finally, it follows that

[ 10 - e L B InT). 37)

0 I-e X

1.3.10. Replacing n by (n + 1) in (37) we have

Bl -x _ —(n+hx
Inl'(n + 1) :J. [ne_x—%]ﬂ- (38)
I-e X
This formula is extremely important in mathematics and, especially, in the theory of probability where it
is applied for integer and very large values of n. We shall dwell on it also because remarkable corollaries
follow from it.

If n is a very large number, it will be more convenient to represent this formula in such a way that its
right side consists of two parts, one of them including all the finite and very large terms and the other one
servingasa  supplement and including only very small terms and vanishing at n = oo. This 1s
necessary for example when calculating In I'(n + 1) for very large values of n. We shall indeed

derive this logarithm. The integrand in (38) can be represented as



—-x —(n+1)x —x —x
[nex—e e_ ]l=[nex— e_ + e_efnx]l.
I—e™" X 1-e™* 1—e™* X
But
et _l-x+x’/2-x/3+. 1 1 »
I-e* x—x"/20 +x7 /31— ... X 2 ¢
where ¢ (x) is the sum of all the other terms of the expansion. It is not difficult to see that ¢ (x) includes
only positive powers of x because its term containing  x in the lowest degree is x/12, so that ¢ (x)/x
will have a finite limit at x = 0. We thus have
—-x —(n+1)x —-Xx
_x e —e 1 x e 1 1. .01
ne " ————— ] — =[ne " — +(— - —)e — +
[ I-e* ]x [ I-e* (x 2) ] X
O
X
However,
e I 1 2 "4+1-¢" 1 1 1+e” 2
¢ = —+- = —— —— = 7l——= - -1
1- 2 x 2(1—-¢e™) 2 1-e X

and therefore

T+ D= [ e "= < v (2 - Lyemp &y
0 I-e X 2 X
T l+e 2 e dx
1) [ [ - Zle ™=
, 1—e X X
Or, supposing that the two integrals are denoted by F(n) and W(n) respectively, we obtain

InT'(n + 1) = F(n) + ¥Y(n).

We thus reduced our expression to the desired form: the function Y(n) is represented by an integral of a
function taking finite and very small values at all values of x contained within and including the
limits of integration, — and, moreover, taking very small values at very large values of n. This function has
exactly those properties which, according to our assumption, should be possessed by the second part of
the expression sought.

It is only left to determine the type of the functions F(n) and Y¥(n). To find the first of them we
differentiate this {yet unknown} function with respect to n:

R N S Sy
F(n)—{[e x(— - e M =

J‘ [e " —e ™ + (x[2) e ™] @
o X

It follows that

ol —X

F'n = | %dx +(12) [ e ™dx = Inn + (1/2)(1/n)
0 0

and
Fn) :j Inndn + (1/2)J. @ =nlnn —n + (1/2)nn + C (xiii)
n

where C 1is a constant that for the time being we leave indefinite. Thus,

Fn) =C + nlnn —n + (1/2) 1Inn.



It ought to be noted here that the differentiation applied by us destroyed the constant C in whose

determination all the difficulty really consists. We were
indefinite form without any

Let us now investigate the function ¥(n). Here, we cannot carry the
have to express W(n) by a series. We have

/12 —x/2
e’ +e”

— /12 —x/2
| e’ —e"

1+e”

so that the integrand becomes

ex/2+ef)(/2 2 1
12) [ ——— - —
( )[ex/Z_e—x/Z X

The product of the first two factors is here an even function {see below} so

once that its expansion into powers of x will be of the form
A + A2x2 + A'; )C4 + ...
We have
e* ™ =1 £ x2 + (172) (/2)* £(1/3) (x/2)° + ...,
e + e =201 + (172! (1/2)* +...]
e — e = 2[(/2) + (1/3) (x/2)° +...]
and
e? 4 e? 1+x*/8+... 2 X
X2 —xi2 2 = -+t = +.
e’ —e x/2+x"/48+... X 6
Therefore
I+e " 2 2 X 2 X
172 - =)=+ =+ ... - 1= = +
( )[l—efx x] ( )[x 6 x] 12
Thus, A; = 1/12. Taking into account a larger number of terms in the

and carrying out the division, we shall obtain,

these coefficients are

mathematicians are studying them.
So, we have

¥Y(n) =J. [Aix + Ay xX° + A3xX° + ,,_]e-"XQ -
0

X

= = oo

A1J‘ e "dx + Azj Pe Ydx + A3J. e dx + ...
0 0 0
Noting that, in general,

= =

I

J. x e ™ dx :J. %e””dx/n = (l/nl)j e dz = Z
! n

[
0 0 n

and that, for any integer and positive values of [, I'(/) = (/ — 1)!, we obtain

W) =(1n) A + QUnd) Ay + (AUnd) As + ...

able to calculate the function F(n) in such an
trouble exactly because of this differentiation.

integration to its conclusion and

that it is possible to say at

numerator and the denominator

in the same way, A, As, ...The numbers that express
very closely related to the Bernoulli numbers; at present, very many

39)



We have thus expressed W(n) by a series depending on the coefficients A;, A, As, ... Therefore, to say
something general about this equality, it is necessary to know the law of their composition. However, the
method of their determination applied above does not provide this law and we shall derive{other} expressions
for these coefficients, awkward for calculation but very convenient for our present purpose.

1.3.11. Setting x/2 = 6i we obtain
l+e™ e +e™? e’ +e?  2cos® _ ctgh

| e’? —e 2 i —e bl 2isin@ i
But, in general,
sin® = 0[1 — (0%7H)] {1 — [0YC2n)*} {1 - [6%Gn)*]} ...

so that

Insin® =In® + In[1 — (0*/7)] + In {1 — [6%2n)"]} +
In{1 — [6*(3n)*]} + ...

Differentiating this equality we have

20 20 20
-6 Q-6  (n)}-6

1
ctg = —
& o

6 6 ~ 0 ~
-6 () -6 (3r)* - 6°

(1/2) [ctgh — (1/0)] =

However, since in general
[+1

/1 -] =1+a+ ++ ...+ o+
l-a

and
1 1 1

() =6 ()’ 1—(@mn)’’

it follows that

(ﬂ,’ m)2 B 92 04 02[

T R 7 R CH R e
02[+2

(7m)’ .
()22 (72771)2 —_ 9

Therefore
0 B 0 N 03 N 05 N N 02 I1+1 N
(m)*-6* () (' () T (am)*'?

821+3 1
(m)21+4 (m)z _02 *

Assuming that m takes here different values beginning with 1 and adding
we shall have
[ N (7] N [
-0  Qr)’-6 (37)* -6
(1/3%) + .1 + @Y1+ (172Y + ABY +..] +... +
O 11+ (1227 + (132 4]

+ .= O + A2 +

the thus obtained equalities



621+3 { 1 N 1 N 1 N
”21+4 72.2 _ 02 221+4[(2ﬂ.)2 _ 02] 321+4[(3ﬂ.)2 _ 02]
(1/2) [ctg 6 — (1/0)].

But 0 = x/2i = —ix/2 so that

x/2 -x/2

(1/2)[6 +e
e

x/2 —-x/2
— e

- g]i = — (S (=x i2) — (So/m*) (=x i2)° —
X
1 1 1

20+2

Se/n®) (—x i2)° — ..— + ¥
Se/m) (xi72) 2 P o 22 [(27) + 1 14]

[(—X l-/2)2l+3]

where the notation introduced is obvious. Hence

x/2 -x/2 2
IS8 — 2y = (S2md)x — (U2 +
e —e X
5.6\ .5 l S 20+1
($62°) 0 — o () Sty 4

+
22l+37[21+2 [7[2 +x2/4 22l+2[27[2 +x2/4]

It is seen now that

A = (1205 S, = (27 [1 + (125 + (1/3%) +...],
A = —(1/2°7H S = (1/2°7H 1 + A2Y + 153Y +...],
Ay = (12°1% Se = (172°2% [1 + (12% + (1/3% +...],

and in general, that

=D’ &) 1 1

A = 221+1—7Z.21+2521+2 = 2141 2142 [l + 7212 + 32142 +..]
We thus have

o _py
o) = [ {Aix + A X’ + A + A X - 221(3—7[)212

0

1 1

2 1+3 —nx
+ +...]x e dx/x
T+ x4 222 (2m) + x7 /4] ] } (d/x)

and, taking into account the equality (39),
rei+

21+1
n

Y(n) = (Ai/n) + A2 [TQB)/n’] A3 [CB) /I 1]+ ... + A i

o

-1 1 Cnx 212
ﬁj [—5— + ...]e "x " dx
2243 y T +x /4

And so, we have expressed W(n) by a series whose terms are alternatively positive and negative and the
sign of whose additional term {remainder} is  opposite to that of its preceding term. Such series are called
limitative. They  possess a remarkable property: their additional term is always numerically less  than the

term subsequent to the last one considered. Indeed, let us take the series
X =u —u + uz — ... xu, ¥ Ry,
X = u — Ry, or, uy — uy + Ry; or, uy — up + us — Rz, etc.

It is seen that



Ri < u; Ry < uz; ...; R, < upqi.

Therefore, such series always enable us to determine the error taking place when calculating their
{approximate} sum and this is their advantage over other series. However, they also suffer from a serious
shortcoming: they provide no clue for determining when should we stop in order to obtain the most precise
value of the sum. Indeed, in such series each term can be {numerically} either greater or less than its
preceding term. When breaking off at some term + u;, we will note that in one case the addition of one more
term, + ux4+1), canlower, and in another case it can heighten the degree of approximation. In general, as it is
seen from what was said about these series, we should stop at such a term u; whose subsequent neighbor —
uiy 1s least; the sum, calculated in such a way, will be the most precise and differ from the real sum less than
by us.

Formula (39) shows that at first the terms of the series expressing ¥(n) will decrease, but that, beginning
with some term, they will increase. Therefore, in order to determine, in this case, the term at which we should
break off, we ought to have u; > u;; or u;/ u;; > 1 and to determine the least value of / satisfying this
inequality. We shall show how to acquire some notion about the least boundary of / by means of this
inequality.

We have

u = A @2l - 1 /n 1 = Ay Tl - 3)/n %3

U A, TQ2I-Dn*" 2
- = (A//AL) 21 = 2) (21 - 3) (1/.
u,_, A . F(ZI _3)n21—1 (A17A, 1) ( ) ( ) ( n )

where only the numerical values of A; and A, ; are taken into account. We shall thus have a conjectural
inequality

(Aj/AL) 2L = 2) 21 - 3) > n?

or
1+(1/2*)Y+1/3%) +...
1+ (172572 +(1/3%7%) +.

(1/2*%) 1 - 2)2l - 3) > n*. (40)

Now we may conclude that inequality
@2l -2)@2l - 3) > 2’w’n’
also exists so that (2l)2 > (27m)2 and
2l > 2mn, | > mn. 41

Thus we see that / should not be less than wn. However, the method of obtaining this lower boundary
does not provide the possibility of seeing whether, for [ > nn, u; will really be the least, having the
least value satisfying this inequality. We went over from inequality (40) to (41), but, evidently,
we had no right to go in the other direction. It is therefore seen that nn provides only an approximate
notion about how great should [ be.

We have remarked (§1.3.10) that the coefficients A;, A, ... are very closely related to the
Bernoulli numbers Bj, B, ... The dependence between them is expressed by the equation

B
A= D G

so that

Ay = Bi/2!, Ay = —By/4!, A3 = B3/6!, etc.



The Bernoulli numbers play a rather important part in mathematics, and, accordingly, very many treatises
are expressly devoted to studying their properties.

1.3.12. Let us now go over to the determination of the constant C in the expression (xiii). Taking the
logarithms of both sides of the Legendre formula (36)

T(n)Tn + (1/2)] = Nr/2*T(2n)
we have
InT(n) + InT[n +(1/2)] = In\Nn + InT (2n) — 2n — 1) In 2.
However,
InT(n + 1) = C + nlan —n + (1/2)Inn + ¥ (n)
and therefore
InT(n) =C+ (n-Dhnn—-1)—n+1+12)Inxw -1 + P - 1),

InT[n +(1/2)] = C + [n =(1/2)]In[(n — (1/2)] — n + (1/2) +
(172)In[n — (1/2)] + Y [n — (1/2)],

InT2n) = C + Q@n - DInQ@n - 1) = 2n + 1 +
(1/2)In@n - 1) +¥Q2n - 1).

We thus obtain such an equation:

2C + n— (A/2)]In(n — 1) + nln[n — A2)] -2n+ B32) + Y (n - 1) +
Yin-1/2) = InVr + C + 2n — (1/2)In(2n - 1) + 1 - 2n +
Y2n - 1) — 2n - 1)In2
so that
C=InVrn + 2n — (/)] In(2n - 1) —[n — (1/2)]In(n — 1) —
nlnn — (1/2)] = 172) = 2n — DIn2 =¥ - 1)
Yin->072)] + Y2n - 1).

However, in general we have

In(x — 1) =In{x[l — (1/0)]} =lnx + In[1 - (1/x)] = Inx —
(/%) — (1/2) (A/x%) — ...

and therefore
In(2n — 1) = In2n — (172n) — (1/84%) — ...
In(n — 1) =Inn - (I/n) — (120 — ...,
In[fn - 1/2)] =In2n — 1) —In2 =Inn- (1/2n) - (1/8n2) - ...
And so
C=1InVn + [2n — (1/2)][Inn + In2 — (1/2n) — (1/82%)] — [n — (112)]-
[Inn — (1/n) — (12n%) — ...]1 = nllnn — (12n) — (1/829)] - (1/2) -
Qn - D2 +¥2n - 1) = ¥Y(n - 1) — ¥[n - (1/2)]

or

C =InVn + (1/2)In2 — {[2n — (1/2)] 20} + {[n — (1/2)}/n} -



(l2n — (1/21/8r*} + {[n — (1/2)/12n*} + (1/8n) + ... + ¥2n — 1) —
Yin — 1) — Y[n - (1/2)].

Assuming now that in this equation or identity (it should hold for all values of n) n = o, and noting
that ¥ (0) = 0, we find that

C =ln\t + (1/2)In2 = In\2x.
Thus

InT(n + 1) =In\2x + nlnn + (1/2)Inn — n + ¥(n) (xiv)

so that

T(n + 1) = mnn+l/267n+‘{’(n).
But
et = VP = 1 4 (1/120) + ...
and we thus finally obtain
T+ 1) = 2201 + (1/120) + ...]. (42)
If n is an integer we shall get
nl = \2xa™Pe[1 + (U12n) + ...

This formula that enables us to calculate the approximate value of the product of natural numbers is due
to Stirling."

Note 1. {In 1730, De Moivre derived this formula independently from and simultaneously with Stirling; the
latter only communicated to him the value of the constant. De Moivre also published a table of 1g n! for
n = 10(10) 900 with 14 decimals of which 11 or 12 were correct.}

1.3.13. In concluding the section on the Euler integrals we shall derive the = famous Gauss equation
connecting {various values of} gamma. We may always suppose that

I'm)I'ln + A/m)]1T'[n + 2/m)] ...I'[n + (m — 1)/m] = F (n; m) I'(nm).
Let us now try to determine the function F (n; m). We have
I'a)Tla + A/m)]T'[a + 2/m)] ...Tla + (m — D/m]/T(am) = F (a; m).

Substituting here (a + 1) instead of a and recalling equality (32) we shall find that

ﬁ(a+i/m)F(a+i/m)

i=0 =F(a+ 1; m)
I'(am+m)

or
a(a+1/m)a+2/m)...la+(m—1)/m]

(ma+m—1)(ma+m-=2)...mal (am)

I'a)Tla+(A/m)] ...T{la + (m — 1)/im]} = F(a + 1; m),



ma (ma+1)(ma+2)..(ma+m—1) P

(a; m) = F(a + 1; m),
m"(ma+m—1)(ma+m-—2)..ma

—m

m

F(a+1m) _ m”erom
F(a;m) m "

and consequently

F(a+1,m) _ F(a;m)

—(a+1)m m —-am

Thus, assuming that in general m *" F (k; m) = 0 (k), we have
0(a) = 0(a + 1) sothat 8 (a) = 0 (). Therefore

I'a)'(a+1/m)'(a+2/m)..I'la+(m—1)/m] _

m " im [0 (0] =

I'(am)
where
0 () = I'(OHI'(x+1/mI'(x+2/m).. I'[x+(m—1)/m]
- I'(mx)m """ '
Therefore

In0(x) =InT'(x) + InT'[x + (I/m)] + ... + In'{x + [(m — 1)/m]} +
mxlnm — InT'(m x).

But because of (xiv)

In0(x) = In~/27 + x-A2)Inx-1) —-x+1+¥x-1 +
In~/27 + [x — (172) + (I/m)]In[x — 1 + (I/m)] — x + 1 — (1/m) +
Yix -1+ (I/m] + In27 + [x — (1/2) + 2/m)] In[x — 1 + (2/m)]
—x—1-Qm) +¥x -1+ @Qm] + ...+ 27+

{x —(172) + [(m — D)/m]} In{x — 1 + [(m-1)/m]} —x + 1 -

[(m — Diml+ Y{x -1+ [(m — Dim)]} - ln\/% -

[mx — (12)]In(mx — 1) + mx — 1 + mxInm — ¥ (mx — 1).

Noting that in general
In(x—r)y=Inx{1 - X)) =Inx + In[l - (#x)] =Inx — r/x —...

we find that

MmO = @m - DInv27 + [x — (/)] [Inx — (1/x) + ...] +

Px - 1)+ [x — (172) + (Um)] {Inx — [1 — (Um)l/x} +

Plx - 1+ (Um)] + [x — (172) + m)] {Inx — [1 — Qm)l/x} +

Wix — 1+ Qm)] + ... + {x = (172) + [(m = D)m])-

Inx — A2 =DM s [0n = Dim]) + mxInm +
X

m—1) - {[A +2+ ...+ (m - Dlm) -

[mx — (A/2)] [Inmx — (I/mx) — ...] = Y (mx - 1)

and



In6(x) = (m — 1)Inv27x + mxInx + mxInm — mxInmx + m —
1+ 1+ A2)Inmx —[1 +2+ ...+ (m - 1D)/m - (12)mInx -
1+2+...+(m—1)ln

m+[1+2+ ...+ (m-1D]m+ X+ ...+
Yx-1+Y¥Yx-1+Am] + ... + ‘I’{’)?:— I + [(m - 1)/m]} —

Y (mx — 1).

Therefore

In0(x) = (m - l)ln\/ﬂ + (172)Inm + ...

We have retained only two terms because all the rest of them vanish at x = oo. And so

im0 (0]xme = (m = DIny27 + InVm
which means that

Bm [0 0 ()] re = Vm 2m) ™2 Fla: m) = m~ "2 () =12
and

I'la)'(a+1/m'(a+2/m)..Ila+(m—1)/m] _

m™ m+1/2 (27_,:) (m—])/Z’
I'(am)

Thus we have
TO) T+ (Um)] ... T{L + [(m — Diml} = m """ 2n) ™2 Tm)).  (43)

This equation which is valid for any A and any integral and positive m is a generalization of equation (36).
Assuming here that A = 1 and supposing that n is an integral positive number, we obtain

T +(Un)] [+ Q)] ...T{1 + [(n — Din]} = o™ 2n)" V2 T(n).

It follows that
(n-1)!

n-1

T(1/n) TQ2/M) ...T[(n — D/n] = o™ 21"V T(n)

and in virtue of the equality (33)
[(1/n)T@2/n) ...T[(n — Din] = Qo)™ 2?2, (44)

1.3.14. We defined I'(A) as the value of the definite integral {see (30)}

J. x* e "dx.

0
Accordingly, we have necessarily considered the gamma function only for such values of A for which this integral
had sense, i.e., for which it was the limit of some sum. We  saw that these values were contained within 0 and co.
There exists, however, another more general definition of the gamma {function}. The values of this function are
extended onto such cases where the variable also takes negative values. Exactly this last fact gave the occasion for
the new definition and in order to go over to it we note that for any integral and positive A

(n—=D'T(A) n*
(n+A+1)!

ro =

n=00+

This equality might however be expressed in the forms



Iy = L'(n)[(A) n* _ (n—1D!n 5)
Tn+A) "~ AA+DA+2)..(A+n-1)""

The last equality is indeed adopted as the definition of gamma and it is also extended  onto fractional and negative
values of A.

1.3.15. We are now going over to integrals that have a very close connection with the Euler integrals and are usually
derived from these latter by assuming imaginary values for x. However, so as to follow quite a rigorous path, we
shall determine them independently from the Euler integrals. We shall consider the integral

I= T ]2 e “cos (x2) x" ! dxdz.

Integrating at first with respect to x, and then to z, we find, when substituting Xz =y,

= =

J‘ cos(x2) " dx = J‘ cosy (y2) " dyz = z *”J. y*cos ydy
0 0 0
so that

I =

S =3

y“flcosydyj‘ z e dz = T — p)J. y*cos ydy
0 0

where p is supposed to be positive and less than 1.
Integrating now in the other order, we have, in accord with formula (4) of §1.1.2

=

J. e ‘cos(xz)dz =

0 1+x*
Then, on the strength of formula (25) we obtain
=3 -1
T
I = .[ al sdx =
y 1+x 2cos[(u -1)m2]

and therefore

J‘ y*lcosydy = il .
0 2I°(1- ) cos [(u - 1)m2]

Assuming that p is here positive and using formula (35) we have

I'(u)sin ux 2I°(u) sin um2 cos um?2

Tcosydy = = -

2cos[(u-1)m2] 2cos [(u - 1)m2]

S =3

I'(n) cos (um/2).

Integrating this equality by parts we obtain a similar formula containing a sine:

oo

“'cos y dy =[y“"siny]0 - (n - 1)] y*?sinydy =
0

S t—38
<
=

(1- u)j y"'?sinydy
0
so that
I'(w)

y*Zsinydy = cos (um/2).

St—38

Substituting u — 2 = A — 1 we arrive at

y*sinydy = &:{D cos[(A + 1) /2] = T(A) sin (A w/2). (xV)

—38

0
We have replaced [I'(A + 1)/A] by I'(A); in this case, however, since p is
contained within the boundaries 0 and 1, A takes values between — 1 and O whereas



the substantiation of the formula (32) held only for positive values of n because this
restriction follows from the definition of the gamma function that underlies the proof. So
as to remove this difficulty we can prove the obtained formula also for negative values
of n and we shall now have to use the definition of the gamma function included in
formula (45). Noting that

lim [n/(n + W] oo = 1

we may assume that

[ (n-n* . (n—D!n*"! |
AA+DA+2).(A+n=1)"" " AA+D)..A+n=-DA+n)
so that
(n—Dn*"
Ty = veos AT = TOL + 1
= Gyt e M 2D
and

y*'sinydy = T(A) sin (L 7/2).

S =3

And so, formula (xv) is justified. We derived it for negative values of A but it will  also hold for positive A’s
because it can be obtained in the same way as the formula containing the cosine. We thus have the formulas

=

J. x*cosxdr = T(u)cos (um/2), 0 < u < 1 (46a)
0

J‘ x*sinxdx = I'(sin(ua/2), -1 < p <1 (46b)
0
We are concluding here the section on the Euler integrals.

1.4. Integrals of the Fourth Group

1.4.1. We are now going over to the integrals whose characteristic feature is that their limits are magnitudes having

special significance for such angles as 0, n/2, m, 2w, etc. ~ We begin by considering the integral
Va

J. e m(pie—nq)id(p

-
and we shall prove that its value is either 0 or 2n depending on whether m and n are different or equal to each
other. In the first case we obtain by integration

A (m—n)pi (m—n)rzi —(m-n)rwi
o e T e —e

J‘ e (m n)q)ld(p — [

-

2isin[(m—n) 7] _ 2sin[(m—n) x|

(m—n)i —7r= (m—n)i

(m—n)i m—n

It is seen however that, when m and n are integers, and, in addition, different, the integral vanishes. If m = n, the

formula takes an indefinite form 0/0. When determining its real magnitude ' in accord with the rules of differential
calculus, we shall have 2m. The same result can also be gotten directly: in this case, the integral will be

Va

j do = 2m.

-
Thus

” A , 0, if m#n

[ emeienviap = 7 47)

2rif m=n

-

A large number of mathematicians studied, and are studying, integrals of this kind. =~ Their importance for
{mathematical} analysis is based on the fact that, through their property consisting in {the existence of} equalities
similar to (47), any function can be expanded into powers of one of the factors of the integrand. Thus, by means of



equality (47) we may expand F (e '®) into powers of e '®. Note that we may attain the same goal by differential
calculus and it would seem that this latter method is preferable =~ because no difficulties can be encountered there, but
actually this is not so: differentiation presents no trouble only when we determine derivatives of known orders
expressed by numbers, and becomes as difficult as integration is as soon as we desire to calculate the expression for the
n-th derivative.

In addition, it is very often important to determine the term at which we should break  off, and this problem is
reduced to finding out how the general term of the expansion changes with the change of its number. In studies of this
kind the terms expressed by integrals, even when these cannot be calculated, provide unquestionable advantage  over
expressions depending on derivatives of a known order. It is for this reason that the integrals of the considered kind
are important for analysis.

By applying the properties of these integrals it is evidently possible to solve converse problems as well: Given an
expansion, to determine the value of the integral that ~ expresses its general term. Indeed, let us suppose that

F(e®) = Aye® + Aje® + Aye®® + ... + A e + ...
Now, multiplying both sides of this equality by ¢"? and integrating within the limits —n and m we have, by

means of the formula (47),
V4

j F(e®) e dp = A ,2n
-

so that
1 V3
A, = — | F()e " do.
27[J; ®

We thus obtain a formula that enables us to derive both the general term of the expansion, and the integrals given
the expansion. The coefficient of the general term can also be represented as

A, = F™0)/n!.

Substitute now F(x) = f(Ax) sothat F(e'®) = f(Ae'®). Then

F'(x) = dFldx = df Ouo)ldx = M '0ux),
F'(x) = d°F/dy’ = hdf ' 0ldx = Kf "0, ... F™) = X "000)

and therefore
A, =N FP0)n!.

We thus arrive at the formula

j fe®y e de = (2n/n!) f7(0) A" (48)
We can somewhat generalize this formula by setting f(z) = 0 (@ + z) so that f W) =0"@ + 7). We

thus obtain
T

j 0a + Ae®y e dp = (2n/n!) 0 (@) N (49)
Note 1. { A dated concept. }
1.4.2. Suppose now that f(Ax) = In (1 — Ax) so that

FOX) = —hx = M2 - XxX3 -, '
f()u e(Pt) = _)e® — Ou2/2) eanz _ (7»3/3) e3(pt _

or

fhe®) = — W1)(cos @ + ising) — (A*/2) (cos 2¢ + isin2¢) — ...

It is seen now that we ought to assume here that A < 1. Only under this condition the series will always
converge: the series of its coefficients, — (A/1), — \12), - (A3, ... will always converge only if |A] < 1
because, for such values of A, the series (A + A> + A’ + ...) will represent an infinitely decreasing geometric

progression.



And so, supposing that A < 1 and applying formula (48), we find that
Va
I= j In(l = Ae®ydo = 0
/2
Transforming this integral, we have
0 V4

I :j In(1 = %e®) do +j In(l = Le*)do = I, + b
- 0

Suppose now that ¢ = —, then

0 Va
I = - f In(l — AeV)dy =f In(1 - &e™) do,
iz 0
T=h+] Il —hedo = [ (A —1e") (1~ Ae"do
0 0

and therefore, for A < 1,
I :j In[l — A + ¢®) + 22 do =j In[l — 2hcos ¢ + A% do = O.
0 0

If A = 1/R where R > 1, we shall find that
Va Va

J. In[1 —2Rcoscp+R2]d(p=lnR2J. dp = mIn R’

0 0

We do not replace In R* by 2In R because R can be negative so that the formula would have provided an

indefinite result whereas it should be quite definite. We thus ~ come to such an integral:
Va

J‘ In[p*> — 2pcosq + 1]dp = 0if p< 1 and = wlnp® if p > 1 (50)
0
which is usually attributed to Poisson.

1.4.3. Issuing from the integral (50) we can derive several remarkable integrals. Setting p = 1 we shall find that
Va

J. In(2 — 2cos@)de = 0.

0

We may admit this as a limiting equality because each of the formulas (50) leads to it at p = 1. And so
Va T
j In (2sin /2)* do = 0, j In (2sin ¢/2) do = 0
0 0
so that
Va Va
j In sin ¢/2 do = — j In2de = —mln 2.
0 0
Assuming here that ¢ = 2y we get
/2
Insiny dy = —(n/2) In 2. (81)

0
If siny = x then dy = dx/\1—x" and
' In x 7ln2
J. dx = — .

0 Vl—x2 2

Integrating the expression (51) by parts, we get

(32)

/2 72 /2 /2 l//dl//
Insinydy = [yInsiny] - J. (y/siny) cos y dy = — J‘ —_—
0 0 0 0 tg 4
Since

lim (y In sin y) o = 0

we have



/2

J~ vdy 7zln2.

(53)

, gy 2

1.4.4. We shall show now the application of the formula (49) to determining the upper boundaries of derivatives, but
before that we shall say when this formula may be used without any danger of encountering contradictions. The
derivation of this formula was based on the possibility of expanding the function F (¢®) into powers of ¢°, but it is
known that not any function may be expanded into powers of its independent variable; in other words, that the series
obtained will not converge always. It is seen now that the convergence of the series

Ay + A e® + Ay e + ...

which, according to our supposition, expresses the function F (¢*"), should be formulated as the condition for the
validity of formula (49). Since we replace F by an identical function f[A ()] expanded into a series of the kind

Ao + AL Ae™ + AN + . (xvi)

the convergence of this series is necessary for the possibility of the existence of the  formula (49). But (xvi) can be
represented as a sum of two series arranged in the order of cosines, and sines, of multiple arcs. It follows that (xvi)
will always converge if only  the series of the numerical values of the coefficients A,, AjA, A A%, ... of its terms
converges.

We may form an opinion about the convergence of this series only if A < 1 because, under this condition, as it is not
difficult to see, the series will always converge if only A , decreases, or at least remains finite with an increasing k. We
thus see that the formula  (49) may be adopted only for such functions the coefficients of whose expansion into powers
of the variable always remain finite for the values of A < 1.

After these remarks we proceed to solve the issue now interesting us. We have, in general,

mod (k; + k, + ...) < modk; + modk, + ...

Therefore, considering the integral as the limit of a sum, we find that
mod [ ® @) du < | mod ® () du

From formula (49) and from the one just obtained, since
27 fP(a) A"
mod 2L (@ A"

= mod | f(a + 1e") ™ dg,
n!

-

it follows however that the left side is less than

T modf(a + Le®)e™ do.
Bu;,”since mod ¢"® =1,
mod [f(a + Le®) ¢l = modf(a + Ae®)mode™® = modf(a + Le®).
Let us assume that we have somehow determined the upper boundary R of the  modulus, mod f(a + A e®):

mod f(a + Le”) < R. (xvii)

Then
(n) n
mod 27 1 (a) A

Va
< J‘ Rdo = 2n R,
n!
/2

hence
mod f”(a) A" < Rn!.

Supposing now that both the function f(a) and A" are real and stipulating that these expressions only denote the
appropriate numerical values, we obtain the formula



f™a) < Rn!/\' (54)

where R is determined by the condition (xvii). To provide an example of applying formula (54) let us take F (e’ h =
1/[k — €'®] with mod k > 1. Then the series

F () = (1/k) + (UK e + () ' + ...

will be convergent. Assuming that a = 0 we find that

1

fa + Xe"’i) = m

where, in accord with the remark above, we ought to suppose that A < 1.
In order to determine R we note that, in general,

mod (A + Bi) = \J(A+ Bi) (A— Bi)

so that
1 = 1

2_
) _(k—/ie"’i K2—kA(e® +e )+ 1

(mod

k—Ae”
It is seen now that the modulus will be maximal at ¢ = 0 so that we should assume that

2 1

K =2A+ 1

and, since k > A, R = 1/(k — X). We thus obtained

d"[1/(k —x)] < n!
" T T k= A
And so, we determined the upper boundary of the n-th derivative of the function 1/(k — x) at x = 0. Note that
it is advantageous to derive the least value of the upper boundary which the studied magnitude cannot exceed; and
since the inequality obtained by us takes place for any values of A, we ought to find such of its values that will
minimize the determined upper boundary. This problem reduces to the derivation of the maximal value of the
function

(k = M)A = kX" - A"
For calculating this value we have the equation
nkX"''=-@m+ DX =0and A = nkfn + 1).

If the thus determined value of A will be less than 1, we might use it, and then

nnkn+1 (n + 1)n+1kn+1 ~ nnkn+1

k )\'n _ }\‘n+l — 1 — -
(n+1)" (n+1)" (n+1)"

Therefore, if £k < [1 + (1/n)], we shall have

d"[1/(k — x)] nl(n+1)""
=0 S T
dx n"k

The Fourier Formulas {§§1.4.5 - 1.4.12}
1.4.5. We are now going over to multiple integrals and to deriving the Fourier formula that was previously considered

very important; recently, however, it is ever more losing its significance. This happens because we are unable, while
deriving this formula, to  provide the conditions determining the functions for which it remains valid.



Let us take the integral

P, = j j F(x) cos [y (x — a)ldx dy.

—o0  —oo

Integrating with respect to y, we find that
sinf(x—a) y] 1
- — 0 ’

o

f cos[y(x — a)]dy =

It is seen now that the value of this integral is indefinite so that instead of the limits —o and +oo we first
assume —A and A, and only then, in the final result, we set A = . Consequently, we have

A .
.[ cosy (x — o] dy = 2sin[A(x— @)
—A x—O!

]’ P, :j oo 2sin[A(x — )] "
J x—a

Substituting now
Alx — o) = 2 (xviii)
so that dx = dz/A, we find that
P, = 2T fla + (Z/A)] [(sin 2)/z] dz.
Assuming E;re A = oo, we arrive at
pP,=2 T f(a) [(sinz)/z]dz =2 f (o) T [(sin 2)/7] dz
and, on theiztrength of formula (5), P, = 29: f(a). We thus derive the famous Fourier formula

j j f()cos [y (x — wldedy = 2nf(q). (55)

—o0  —oo

The non-rigor of this derivation consists in that, having obtained the limits — oo and + o for z from formula
(xviii) or from x = a + z/A, and knowing that these are the limits for x, we {nevertheless} are not always able
to formulate the inverse statement: Assuming that A = o in the final result for z, we cannot go over to the limits —
oo and + o for x. It follows that we would be unable to go back, i.e., to pass to the integral from the expression
27 f (o), when deriving this formula.

It is seen now that in general the formula (55) will not be valid for any function universally. Let for example f(x) =
exp (— x9). By formula (55) we would have found

exp (- o) = % J. J. exp (— x?) cos [y (x — a)] dx dy.

—o0  —oo

We shall integrate so as to check this result. We have

o o

I = J‘ exp (- ) cos[y(x — a)ldx = J‘ cos (y a) exp (— x?) cos (y x)] dx +

—oo —oo

o

J. sin (y o) exp (- x%) sin (v x) dx.

—oo

The second integral vanishes because its integrand is an odd function; the integrand in the first integral is even, so
that in accord with formula (13)

I =2cos(y a)J. exp (— x%) cos yx)dx = \r exp (— y2/4) cos (v ).
0

Once more in virtue of this formula we have

=

J. J. exp (— x%) cos y(x — a)]dxdy = \/n.[ exp (— y2/4) cos(ya)dy =
2_: e)_(; (- az). -

We thus arrived at the same result as when applying the Fourier formula.

1.4.6. We shall now modify formula (55). We have



cos® = ¢ — ising
so that

T Tf(x)COS[y(X—a)]dxdy: T Tf(x)eiy(xfa)dxdy—

—o0  —oo —o0  —oo

ij j @) sin [y (x — )] dx dy.

—o0  —oo

But the second integral contains an odd function with respect to y and therefore =~ vanishes. We have

o

T Tf(x)cos[y(x—a)]dxdy:j Tf(x)ey(xfa)idxdy.

—o0  —oo —o0  —oo

Consequently

1 R R y X1 -0y [
flo) = gj jwf<x>e> e idx dy,

=

F@ =] oo e ay (56)

—o0

where

1 R yxi
O g_[of(x)e dx.

Equation (56) solves a particular case of determining a function satisfying the equation
B

J. o F(a y)dy = f(a).

A
Such issues were studied among others by Abel. In general, it ought to be noted that their solution leads to very
remarkable results. Until now {however} they were completely solved only for the particular case in which A = — o,
B =o, F(a; y) = e'*”.

1.4.7. We shall now modify the equation (56) and apply it, in its new form, in the ~ sequel. Assuming that
o= ui, f(ui) = F (u),sothat f(u) = F (—ui), we find that

' 1 < o
f(l/i l) ZJ (p(y)e'”’ dy = F(u), (P(y) - J. F(_xi)eyxzdx‘
2z <

—o0

And so, we use the following equations:

R uy 1 R . y X 1
Fa =] omedy, 90) = = | Flexie ™y (57)
. 2z <
Issuing from them, we can derive formula (18). Indeed, on the strength of (15) we have
T cosmx T om €™ dx T
J‘ s dx = e —— = —e
, a +x 2a 0 2 a +x 2a

Setting in the second equality x = z, m = ny, multiplying both its sides by ¢ (y) dy and integrating with respect to
y from — o to + o, we obtain

o o

J- "t e

" p(y)dydx T an
) >+ 52 = ZJ. e "o (y) dy,

—o0  —oo —o0

K i nyzi [ -nyzi dZ
{ (1/2)[Le> ¢ (y) dy +f e (P()’)dy]az+zz

—oo




T %
— e’ d
= jm 9 0) dy

and, because of (57),

© F(nzi)+F(-nzi) dz V3
J‘ 3 > = — F(-an).
2 a +z 2a

0
Now we can proceed to the derivation of the celebrated Dirichlet formula concerning multiple integrals. To this end, we
note that, in general,

=

[ vieman <[ way et @ia) = Ty /p°
0 0
so that

j j x ety iy vl dxdydz ... =
0 0

!
!

P LWL W)...
x e 'de. yrle ™ dy .= ( )ASﬁ)HE ) .
0 o
Then, we have
J‘ g MRE L mas g ' +lélﬂj-vl:”-|-...)

s a

and consequently

J‘ J. J. x Mty o) dxdy dz ... =
0 0 0

F(ﬂ)r(ﬂ)F(V) T s Autot.. .1 e—as ds
CA+pu+v+..) '

0

Multiplying both sides of this equality by ¢ (a) do and integrating with respect to a within the limits —o and + oo,
we obtain

T ]ﬁ ]ﬁ xx‘ly”‘l'z”‘l...[T © (o) e dol dedy dz ... =
0 0 0 —oo

F(/i)F(,Ll)F(V) T Au+o+...—1 [ —0. s
d. do.
F(/l+ﬂ+v+...);[ ’ SJ; v (@) e da

Consequently, on the strength of (57), we get

J. .[ .[ x Ty P+ y + 2 + L )]dedydz... =
0 0 0

F(/i)F(,Ll)F(V) T s Apto+...—1 F(— S) ds
IF'(A+u+v+..)

0

and, substituting F (—f) = f(f), we indeed arrive at the Dirichlet formula
J‘ J. J. My r e fe + y + 2+ L)dedydz... =
0 0 0

F(ﬂ)r(ﬂ)F(V) i Aptvo+...—1
ds. 58
F(/l+ﬂ+v+...)j ’ fis)yds 9

0

1.4.8. Formula (58) can be somewhat generalized by introducing new parameters whose particular values would have
led to it. Suppose that x = au, y = bv, z = cw, ... and thata, b, c, ... are positive so that the limits of integration
persist. Noting that, consequently, a constant factor a*b* ¢ °...will be included in the left side of the equality and
dividing both its sides by this factor, we obtain



[ ]
0 0 0
D[

0

Mlywlywv  flau + by + ew + ) dudvdw ... =

p

Settingnow u = x", v = y", w = z”, ... we arrive at

J‘ J. J. x My PP (ax™ 4 by " 4z + L)
0 0 0

mx " dxny " dy pz" dz ...

man‘ J. J‘ xmtyml ol fax™ 4+ by" 4+ cz? + ..)dxdydz =
0 0 0

F(/’l)r‘(/u) Ap+o+...—1
ds.
cﬂz;/‘...r(/l+ﬂ+...)j ’ @ ds

0

o

Substituting finally mA = o, np = B, pv = v, ... and dividing both sides of the equality by mn p ..., we get
X

j x Ty Pl fax™ + by" 4 cz” + ..)dxdydz..
0

C(a/m)I(B/m)(y/ p)... ]: P a/m+[3/n+y/p+..‘—1f(s) ds (59)
mnp...a®"b?'"c"'? T(alm+ Bin+ylp..) '

0

Here, the parameters m, n, p, ... are of course supposed to be positive; otherwise, 0 and o« would not be the limits of
the new integral.

Formula (58) can be derived as a particular case of (59) when substituting in the latter a = b = ¢
:p:],azx,sz,'Y:V,...

1.4.9. Suppose that f(f) is a function satisfying the conditions

f=1,t<Land =0, t > L.

Then, assuming {also} the condition

ax" + by" + cz” + ... <L (xix)

where L is a given positive magnitude and applying formula (59), we reduce the determination of the integral
J‘ J. J. x Ty Pl dxdy d...

0 0 0

to the calculation of

(xx)

L(a/mT(BIm(y! p).. j e
mnp...a®"bP"" """ . T(a/m+ BIn+ylp.) 5

since in this case

=

L

J' o/m+Pintylp+...~1 f(s)ds = J' P e R J' g Wmbinerlpr 1y g
0 0

L
But the first of these integrals is

L(l/m+ﬁ/n+}//p+...

alm+ Blin+ylp+..

and, on the strength of formula (32), we find that



F(O(/m)r(ﬁ/n)r‘(y/p)L alm+pfIn+yl p+..
mnp..a”"bP"" " T(alm+ Bin+ylp+..+1)

Integral (xx) equals (60)

This formula thus solves the problem of determining the integral (xx) extended over all the positive values of the
variables x, y, z, ... connected by condition (xix).

1.4.10. Problems about the determination of areas and volumes as well as those touching on the attraction of bodies of
a known form are easily solved by formula (60). For example, we shall calculate the area of an ellipse; the condition
connecting the variables x and y will therefore be
ax* + by> < 1 where a = 1/A>, b = 1/B* with A and B being the semi-axes of the ellipse. In this case, m = n =
2, a = f = 1 so that formula (60) provides

[ [ ey - T(1/2)C(1/2)L
YT TaroWar

where the integral is extended over all the positive values of the variables x and y obeying the condition ax’ + by’
L. Inourcase, L = 1; and I'(1/2) = \/n, I'(2) = 1 so that

[ | avdy = mwavab = a)AB.

As expected, we thus obtained the magnitude of a quarter of the area sought: the variables x and y are positive only for
the quarter of the ellipse determined by the equation

IN

XIA* + yB® = 1.
Let us also consider a triple integral that, for o = B = y = 1 and under the condition of the type
ax™ + by" + cz” <L,

represents some volume. Assume also that m = n = p = 2. Then formula (60) provides

f f j dxdydz = FA/2rd/2)ra/2L=
8L(5/2)abe

However,
I'(52) = 3/2)T(3/2) = (3/2) 1/2)T'(1/2) = 3Vn/4

and
3/2

j j J.dxdydz=(n/6)\/%.

Suppose now that the equation transformed to the normal form

a> + by’ + ¢z = L

belongs to an ellipsoid. Consequently, L = 1, a = 1/A>, b = 1/B*, ¢ = 1/C* where A, B and C are the ellipsoid’s
semi-axes and

j j j dxdydz = (n/6) ABC

will be the expression for 1/8 of its volume.

1.4.11. We deduced the Fourier formula in the form (55). Now, we shall impart a more general form to it by choosing
some magnitudes L and M (L < M) as the limits of integrating with respect to x. In order to accomplish this we
might have acted in the following way. Since f(x) is an absolutely arbitrary function (restricted however by conditions
indicated when deriving formula (55)) that can even be discontinuous, we may assume that

fx) =0, —o<x <L fx)=0x), L<x <M fx) =0,



M < x < +oo.

Consequently, we have

oo M
f(a) = (121){0 +j j © (x)cos [y (x — a)] dxdy + 0} =

—o L

=3 M
(1/21) j j © (x) cos [y (x — a)] dx dy.
—oo L

Here, for o included within —oo an L or between M and + oo, the function f(@) = 0 and the integral
vanishes. If, however, a is within the boundaries L and M the integral equals 2x ¢ ().
We shall now derive the same result by applying considerations similar to those used when deducing formula (55). To

this end let us study the integral
y=A x=M

[ [ r@ecosiya - wldeay
y=—A x=L
When integrating with respect to y, we find that

A .
.[ f(X) COs [y (X - (1)] dy = Zf(x) M
—A _

Supposing now that A (x — o) = z and integrating with respect to z (whose limits willbe A (L — o) and A (M — a))

we get
A M AM-a)
j j FO)cosly(x — )] dedy = 2 j fa + ZA) (sinz/7) dz
—-A L A(L-a)
so that
o M AM-a)
j j FO)cosly (x — )] dedy = 2f(q) j fo + ZA) (sinz/2) dz .
— L A(L-a)

In order to calculate this integral we ought to consider separately two cases. If o is included between the boundaries L
and M, then, when A increases to + oo, the lower limit of the integral will tend to — oo, and the upper limit, to + oo, so
that the double integral will be equal to 2m f (o). Otherwise, both limits of integration will approach + oo (if L
> a) or —o (if M < o) and

o M
j j () cos [y (x — )] dx dy
—oo L

or

I
=)

2f(a)J‘ (sinz/z)dz

+oo

0.

o M oo
j j fO)cosly(x — )] dedy = 2f(q) j (sinz/7) dz
—o L —oo

We thus arrive at the result that can be expressed in the following way

0 M
(1/2n)j j f()cos[y(x — ) dedy = 0 if a < L
—oo L

orif > M; = f(a) otherwise. (61)
This is identical with what was obtained above in a different way.

1.4.12. In §1.4.11, while considering the case in which o was not included between the boundaries L and M, we
arrived at the integrals

oo -
j (sin 2/2) dz, j (sin 2/2) dz (xxi)
Too Ze
and, since in both cases the upper and the lower limits of integration were equal to each other, we concluded that the
integrals vanished. Evidently, however, we do not always have the right to make such inferences. An integral taken
between infinite limits of the same sign is, in general, an indefinite magnitude representing the area included between
two ordinates infinitely distant from the origin.This area is obviously not always equal to zero and it can even be
infinitely large.



For this reason we believe that it is not amiss to say now a few words about when such integrals really have indefinite
values and when they ought to be considered equal to zero. We shall therefore examine, in general, the integral

j £(x) dx (xxii)
N
and assume that S and 7 tend to infinity. It is not difficult to see that, if the integral
j F(x) dx (xxiii)
0

has a finite and definite value C, then (xxii) will always be equal to 0 when S and T increase to infinity. Indeed, we
have

T S
lim [ f@dyrew = C lim [ f@diso. = C
0 0
so that

oo T
j f()dx = limJ. FO) dX o 5w =
+oo s

T s
lim [j Fx) dx — j FO)dx] 7w sem=C—C=0. (xxiv) If,
0 0

however, the value of the integral (xxiii) is infinitely large or indefinite, then the integral (xxiv), being represented by the
difference of either two infinities or of two indefinite expressions, will also have an indefinite value.

Thus, we see that a necessary condition for the integral (xxiv) to vanish is the definiteness and finiteness of (xxiii). In
§1.4.11 the latter is {indeed} finite and definite because

[ lsing)/21dz = a2

0
and

J‘ [(sinz)/z] d J‘ {[(sin (=) A-2)}d(-2) = J. [(sinz)/z]ldz = —7/2

SO that we have the right to assume that the integrals (xxi) are both zero.
We are here concluding our course {in definite integrals}.

Supplement

In §1.3.14 the gamma function was defined as

!
oy = (n—=D'n . 45)
AA+D...(A+n-1)

The correctness of this definition is obvious only for integer and positive values of A. We shall now justify it for any
positive values of A. Consider the function

F(x; n) = (n=Dln” (62)
x(x+1D....x+n-1)

where x is arbitrary and » is an integral and positive number. We shall prove that F (x; n) hasalimitat n
= oo for any non-integer x. Obviously,

FO; n) =o0; imF (g n)g—g = +00, imF(—g, n)g_9g = —0,

and F (-x; n) = £oo for any integer and positive x not greater than (n — 1). To prove our proposition we shall apply
the formula

BP+D(B+2).(B+n-1) _

ag(a+)(ax+2)..(x+n-1)

0 [(o/(a + n)]*" (63)



where B > 0, o > 0, a > B, 1 > 0 > 0. This formula can be derived in the following way.
We have in general

ela+ h)=0@ + ho'(a + 0h)

so that, if ¢ (x) = x'*,
A+ "=1+hd+pd+0h"

If »>0and p > O,then (1 + 6" < (1 + h)" and
A+ ' <1+hd+wd + )"

or
A-puhd+n"<1lifph < 1.

Dividing by (1 — u &) we have
A+mn"<1/A-uh),0<pu< 1/

Letnow h = 1/(o + m) and u = o — p where a > > 0. Then

(a+m+1 a—ﬂ<:a+m
a+m B+m
or

a+m a+m+1

pim _ (Mjﬁ

Supposing that, consecutively, m = 0, 1, 2, ..., (n — 1) and multiplying the obtained inequalities, we have

a-p
0 < B(B+1)..(B+n-1) <( a )
a(a+1)...(a+n-1) a+n
{QED}.

We return now to the function F (x; n). For x > 0 formulas (62) and (63) provide

Flen) = (n=D!n" Y ( n ) [(n+1)xJ |
x(x+1....x+n-1) x+n X

And so, if x > 0, F(x; n) isalways lessthan [(x + 1)"/x] and, since

F(x;n+1) — n [n+ljx

F(x;n) Cn+x\ n

with this ratio approaching its limit equal to 1, then, for x > 0, F (x; n) remains always positive and tends to a finite
limit.

Supposenowthat x = —yand let k — 1 <y < k If k—y=2A =
k + x then 1 > A > 0 so that

(n—D!n*™* _
x(x+Do(x+k=1D(x+k)(x+n—-1)
1
XD (k)

F(x; n) =

where



L (n—DIn*™* _
A+D)(A+2)(A+n—k—1)
=D A+n-k)A+n—k+D..(A+n—1) ,
A+)(A+2).(A+n-Dn* "

But

A+n—k ﬂ.+n—k+1mﬂ.+n—1 = [1 = (k = W/n]

n n n
[ —(k—-—x-Dm..[1 -—0A=Nn]<[l-0-21n

and

(n=1)! ) e(/mj‘
A+D)(A+2)...(A+n=1)  \A+n)

Therefore
w=00+ D=1 - = pml
A+n
It is seen now that
u<@+0)"=0U0+x+ b
so that F (x; n) cannot be infinitely large; and because

F(x;n+1) _ 1
F(x;n) -

lim

it has a finite limit equal to

6 (1+k+x)*
x(x+D.(x+k)

Suppose that x > 0. We shall prove that
F (x; ©) = I'(x). (xxv)
Taking the logarithm of both sides of (62) we have

InFx;n)=In(n - 1! + xInn —[Inx +In(x +1) + ... +
In(x + n - 1)]

and consequently

Fl(x;n) 1 1 1

=Ilnn-[— + + ...+ —].
F(x;n) X x+1 x+n-—1
But
ot -z _ ,7hz 1 ot
Inn = J~ e e iz, _ J‘ o bz dz

and therefore

ot efz_efnz

j e I Il L L 1
Z

0

dlnF(x;n)
ox B



bl -z -nz -nz

e —e "t e" -1
J. [———— - - ] dz.
0 Z e —1

Formula (62) shows that F (1; n) = 1 so that, integrating the equation above with respect to x within the limits 1
and x, we obtain

Rl i ) ) 1_ -nz d
Fesm =] (=D —e™) (e ———]
0 e*—1 z
At n = oo this formula becomes
ol i -xXz _ 2 d
nF o) =] [(c-De™ - 5] =,
0 e -1 z

hence (xxv).
Collection of Formulas Occurring in This Course
{Chebyshev adduced a list of 50 integrals which I am omitting here. }
Chapter 2. The Theory of Finite Differences
2.1. Direct Calculus of {Finite} Differences
2.1.1. Let us take some function f(x) and assume that the independent variable x gets equal finite increments A x (as
in the differential calculus, x is here supposed to vary uniformly). We denote the corresponding values of the function in
the following way:
Uy = fx); uy = f(x + Ax); up = f(x + 2Ax); ...; u, = f(x + nAx).
Its increments will correspondingly be
Ay = Uy — Uy Aty = Uy — Uy Aty = U3 — Uy ...; A, = Uy — U,
We thus obtain the series of functions
Aug, Auy, Ay, ... Au, @)
from the series u,; uy; Wy ...; Uy, Upei.
Considering (i) as the series of initial functions and calculating the differences between its adjacent terms (always
subtracting the preceding term from the subsequent term) we get a series of new functions
A2M0; Azul; Azuz; o A2un
where, in general,

Au, = AAw) = Ay — A,

Reasoning further on in the same way, we shall each time obtain a new series of functions. The general form of these
series is

Aug, A uy Arusy o Ay, A ug Ay A L A,
where

ANu, = AN ) = Ny — A u,
It is not difficult to see now that

Upeg = U, + AUy Aty = Auy + Ay oy A gy = A, + A,

We thus arrive at the following practical rule for calculating the differences of any order: When compiling a table, each
of whose vertical columns includes all the functions corresponding to one and the same increment Ax of the independent



variable, and determining some function located at the intersection of a column and a line, it is necessary to choose the
function of the same column situated directly above it and to add to it the directly following function of the horizontal
line.

2.1.2. Let us now derive the general formulas that enable us to express the difference of any order in terms of the initial
functions and, conversely, to express the initial functions through the differences of various orders.

We have Au, = u,,1 — u, sothat, replacing n by (n + 1), Au,y =
Upo — Upyi. Therefore

2
Auy, = Ay — Auy = (o — Ups1) — Uper — Uy) = Upgy — 2Upyy + Uy,
A’ = 2
Upr) = Upy3 — 2Upyn + Upyg
so that

3 2 2
A U, = A Ups1 — A U, = (un+3 - 2'un+2 + un+1) - (un+2 - 2'un+1 + un) =
Ups3 — SUpyo + SUpey — Uy,

By analogy we may conclude that, in general,
Ay = sty = Mipir + A = 1)/ 2] tha —
M- =-2)/3Tuprs +... +
(_ 1)u CX“ un+)\—p- (1)

In order to justify this formula we shall prove that it holds for (A + 1) ifitis valid for A. Replacing n by (n + 1) in
(1) we have

A}Lunﬂ = Uppr1an — }Lun+}» + [}L OL - 1)/2'] Upip-1 —
MO =D =273tz + oo + =D C

Therefore

Ay = Ny — Ny = g — O+ Dty + [0+ DN 2T sy —
[+ DA = D /3T thars + ...

The general term will be

A-u

1 M 1 H+1

(_ 1)}“- C,1 [— - 1] Upipy = (_ 1)}“- C}ﬁl Upip-
H+1

Thus, formula (1) is proved.

Let us now solve the inverse problem, that is, derive a formula enabling us to express the initial function through the
differences of various orders corresponding to one and the same increment of the variable. We have the formulas {see
§2.1.1}

Au, = e — ty, ANu, = Aty — Au,, Nu, = A upy — A u,, ...
so that

Upp1 = Uy + Auna

Upsz = Upst + Dty = (U, + Au,) + (A, + Au)) = u, + 28u, + Nu,

Upyz = Upyp + 2AU, + A2un+] = u, + 3Au, + 3A2un + A3un.

By analogy we suppose that
Upir, = Uy + AAu, + WL = DR A, +...+ C, A'u, (ii)
To substantiate this formula we shall consider A u,,, as an initial function. In accord with (i1) we have

Aty =Auy + WIDA, + L — DR A%, + ...+ CF A,



Adding this formula to (ii) we obtain
Upin + Athpar, = Uy + Aty + MAu, + MO0 = D2 A%, + W1 A%u, +
L+ G A Y,

Upiiar = Uy + O+ DAy + [0+ DN Ay +... + Cp " Ay, + .

We thus proved our formula. Assuming now that n = 0 we arrive at the Newton interpolation formula
w, = e + WIDAuy + A — D21 A’uy + G3Aug + ... )
2.1.3. Suppose now that
u, =f(a), Ax = h, u, = f(a + \h).
Formula (2) will then become
fla + M) = f(a) + WIDAf(@) + LA — D21 A*f(a) + ...
Substituting Ak = x we obtain for each x being a multiple of &
fla + x) = f(a) + (W11 [Af (@)/h] + [x (x — W] [Af(a)h] + ... (iii)
It is not difficult now to derive the Taylor series by assuming that 4 tends to zero so that, in the limit,
fla + x) = fla) + (/1) [df (a)ldx] + (*12) [d*f (@)ldx*] + ... (iv)

where, in general, d kf(a)/dx * denotes the value of d kf x)dx* at x = a.
Suppose that

F ) = f(a) + (/1) [Af (@)/h] + [x (x = B2 [A’f (@R +... +
x(x=h)..(x—kh+h) Af(a)
k! h*

bl

@ (x) = f(a) + (1Y) [df (@ldx] + (F/2) [d*f(@)ldx*] + ...+
(Ot 1kY) [d'f (a)ldx )

so that in general
f(a + X) — (D(x) = A’xk+1+ B'xk‘"2 + Crxk+3 +

Assume now that y = f(a + x) is the equation of the curve MN and consider also curves MN' and PABCDQ
with equations y = ® (x) and

y = F(x) (v)
(Figures 1 and 2). The curve MN' has a common point with the curve MN at x = 0 where the curves have an
osculation with contact of the k-th order so that in its vicinity they generally very little differ from each other. And, if the
expansion of the function f(a + x) into powers of x is a convergent series, then, with a sufficiently large k,

the curve MN may be replaced by the curve MN' which is what we are doing every time when we calculate the values
of a function by expanding it into a Taylor series and neglecting the terms of the series beginning with some (k + 1)-th
order.

When interpolating, we replace a given function in exactly the same way by another one, — by a simpler one, — and the
geometric sense of this substitution is that we replace a given curve MN by a “parabolic” curve PQ having equation
(v). It is not difficult to see that this curve has (k + 1) points in common with the curve MN, and, namely, points A,
B, C, D, ... withabscissas 0, Oa = h, Ob = 2h, ...,

(k — 1) h, kh.

If a sufficiently small magnitude is chosen as 4, the curve PQ will in general very little differ from the curve MN,

and it is this fact that underlies the calculation of the values of the function f(a + x) corresponding to the intermediate



values of x between 0 and (k — 1)h. The calculation is replaced by the determination of the values of the
function  F (x) corresponding to the same values of x.

It is seen now that interpolation has much in common with the calculation of the values of a function by expanding {it}
into a series in powers of the variable. The difference consists in that in one case the given curve is replaced by another
one that intersects it a known number of times at points whose abscissas increase in an arithmetic progression, whereas in
the second instance the given curve is substituted by a curve having with it an osculation with contact of a certain order,
but, in general, withdrawing from it afterwards.

2.1.4. In §2.1.2 we derived the Newton interpolation formula. We shall now derive another formula, and, to this end,
we shall solve the following problem: To find the simplest polynomial, that, at various given values of the variable x,
takes values identical to the known values of an {otherwise} unknown function f (x).

We shall suppose that the given values of x are

X1s X25 cevs Xpls Xp (Vl)

and that f (x;), f(x), ..., f(x,1), f(x,) are the known values of the function f (x) whose form might be unknown.
Since the sought polynomial ought to take n different values at n values of the variable, it should in general have at
least n coefficients so that its form will be

OK) = A, + Apyx + ... +Ax"N

To determine these n coefficients it would suffice to substitute consecutively, in this equation, the values (vi) instead
of x and to replace @ (x;), @ (xy), ... by f(x1), f (x2), ... This would have provided n equations necessary,
and, in general, sufficient for determining the coefficients sought. However, we can also write out the unknown
polynomial at once. It is not at all difficult to see that the polynomial

(x=x)(x—x3)..(x—x,)
(x, —x,)(x; — x3)...(x; — x,)
(x—x)(x—x3)..(x—x,)
(X, = x) (x; = x3)...(x, — x,)
(x—x)(x—x,)...(x=x,_,)

(x, —x)(x, —x,)..(x, —x,_,)

D (x) = fl) +

fl) + ... +

J () 3

satisfies the formulated conditions and it only remains to show that it really is the simplest polynomial of the (n — 1)-th
degree {from among those} satisfying them.

Indeed, when assuming that v (x) is the simplest polynomial of the same degree satisfying the demanded conditions,
the difference @ (x) — y (x) will represent a polynomial of a degree not higher than (n — 1).! It vanishes at n values
of x which is only possible if y (x) is identically equal to @ (x). Thus, ® (x) is the polynomial sought.

Equation (3) is called the Lagrange formula of interpolation. For example, let x1=0,x% =1, x3 =2 and
fx) =0, f(x) = 1, f(x3) = 8. In accord with the Lagrange formula we obtain

_GmDG=2) L =02 | (=0 =D

D (x) = =
0-1)(0-2) 1-0)1-2) 2-0)2-1
3% - 2x
In order to solve the same problem by the Newton formula, we note that in this case uo =1, uy =1, u, = 8; A

uo =1, Auy =7, Au, = 6,

DK) = + (1IN Aug, + [x(x — D/2TA uy= 0 + Ix +
6lx (x — 2)/2!] = 3x* - 2x.

Note 1. Because this difference can only be of a degree higher than (n — 1) if y (x) is {also} of a degree higher than
(n — 1), but then y (x) would not have been the simplest polynomial.

2.1.5. There also exists a method of interpolation based on replacing the unknown function f(x) by a linear function
(A + Bx) most suitable to it. Suppose that we know the values of this function, fxD), f), ..., f(x),

corresponding to the given values of the variable x. We take the function

u=[fx) —A B+ [f(x) — A - Bu]* + ... +



[f(xn) - A - an]Z

of two variables, A and B, and determine these latter according to the rules of the differential calculus by issuing from
the condition that this function is minimal. The values of A and B thus obtained will indeed make the function (A +
Bx) the most suitable to f(x), at least within the boundaries of the minimal and the maximal values of x;, xp, ..., X.

2.1.6. We are now going over to the determination of the finite differences of the simplest functions. This section
corresponds to that on the differentials of the simplest functions in the differential calculus.

a) One of these functions there was x ™, but in the theory of finite differences it will not be simplest because its
difference is represented by a series. So as to find out what function will here correspond to x ", we compare the
Newton formula (iii) with the Taylor series (iv). It is seen that the function

x(x — h)(x - 2h)...[x — (m — 1h]

corresponds to x ™. We shall now show that its difference has indeed a very simple form similar to the differential of x
", We have

A{xx-h&x-2h)...x—m—-Dh]} =&+ H)xx - h)...:
[x —(m -2h] —x(x—-h)...[x — (m — Dh] =
x(x—-h)..[x - -20]x + h — x + mh — h).

And so

A{x(x—h)(x=2h)..[x - (m— DA} =
mhx(x — h)(x — 2h) ... [x — (m — 2h)]. 4)

This formula is similar to the formula dx™ = mdx-x ™" of the differential calculus. From (4) we find that

A {x(x - h)..[x = (m - Dh]} =

m@m — 1)h*x(x — h) ... [x — (m — 3h)],

AN {x@x—-h)..[x — (m—-2h]} =

m@m — 1)(m —=2)Px(x — h)...[x — (m — 4h)], ...,

A" x(x = h)...[x = (m — DA} = m! W™ 'x,
AN"{x(x—h)...[x —(m - Dh]} = m!'h"™.

The next differences corresponding to a constant will identically be equal to zero. It is not difficult to derive on this
basis the Newton formula. To this end let us assume the following expansion:

fla+ x)=A, + Aix + Apx(x — h) + Asx(x — h)(x — 2h) + ...
Supposing that here x = 0 we have A, = f(a) and, in addition,

Af(a + x) = Ath +24; hx +3A3hx(x — h) + ...,
ANf(a + x) =124, i* +23A507x + ..., Af(a + x) = 31 AR + ...

Assuming that in these equalities x = 0 we obtain
Ay = Af(@)/h, Ay = N f(a) IV K), Ay = N f(a) I3 R), ...

hence the Newton formula (iii).
In the theory of finite differences, the function
1

x(x+h) (x+2h)...(x+nh)’

whose difference is

1 1
(x+h)(x+2h)...(x+nh) - x(x+h)(x+2h)..[x+(n—-1Dh] B




x—x—nh 1
= —nh , (5)
x(x+h)(x+2h)..(x+nh) x(x+h)..(x+nh)

corresponds to 1/x". This formula is similar to the formula d (1/x") = —n dx/x ™.

Let us determine now the difference of a fraction in terms of the differences of its numerator and denominator:
u +Au v —(v. +Av )u
A(u”/vn) = un+1/Vn+1—u,/vn = ( n ") n ( n n) noo_
vy

n’ n+l

v Au —u Av
n n n l’l‘ (6)

V.V

n’ n+l

This formula which is similar to d (u/v) = (vdu — udv)/v* is far less important in the practical sense than the latter.
b)The function a®. We have

Aa*=a"-a*=a"@" - 1) =a*h@" - D (7)

In order to go over from (7) to the {corresponding} formula of the differential calculus it only suffices to assume here
that 7 tends to zero; noting also that

lim[(@" = 1)/h] 4o = Ina

we indeed have da' = a' Ina dx.
From (7) we obtain

ANa*=@"-DAa*=a"@" - 1)
and in general
A"a*=a*@" - 1" (8)
¢) The function sin x:
Asinx = sin(x + h) — sinx = 2cos [x + (h/2)] sin (h/2). 9

Noting that
sin h/?2

A si = + (h/2
sinx = cos [x + (h/2)] W2

h

and assuming that & tends to zero, we have d sinx = cos x dx.
d) Let us now consider the function cos x:

Acosx = cos(x + h) — cosx = —2sin [(x + h)/2] sin (h/2).
Thus,
Acosx = —sin [(x + h)/2] 2 sin (h/2). (10)

On the basis of formulas (9) and (10) we find that

A’sinx = Acos[(x + h)/2]2sin (h/2) = —sin(x + h) [2sin (h/2)]%
A’sinx =—Asin (x + h) [2sin (W/2)]* = —cos [x + (3k/2)] [2sin (h2)]’, ...

and in general

A'sinx = sin{x + [n(x + h)/2]} [2sin (h/2)]", an
A" cos x =—cos{x + [n(n + h)/2]} [2sin (W/2)]". (12)

In conclusion, we shall derive the difference of the product of two functions:

A(”n Vn) = Upsl Vel — UV = (un + Aun) Vsl —Up Vyp =



U, Av, + vy Au,

Like formula (6), this one is not really important.

13)

2.1.7. We go over to consider a new section, the derivation of the dependences {connections} between finite

differences and differentials. Supposing that u = f (x), we have

Au=fx + h) —fx) = @1IDF@ + ERYF" ) +...
(W) du/dx + (W*12)) dPuldx® + ...

Thus,
Au = (W) dwdx + (H/2) d*uldx* + ...,
Au = (W1) A (dwdx) + (W2 A (d *uldxD)+ ...

(14)

Replacing u consecutively by du/dx, d’u/dx* etc in formula (14) we obtain

A (dw/dx) = (W1 d*wdx® + (B*2) d uldx® + ...,
A(d*wdx®) = (W) d wdx + (W20 d uldx* + ...,
A d wdx) = (W) d 'wdx* + ...

so that

= (h/1)) [(h/l!)d2u/dx2 + (BP2) d’uldx® +...] +
(R*12) [(W1) d*wdx® + (h2/2')d4u/dx4 +..] +
(h3/3') [(h/l') diwdx* + ..+
W d*uw/dy® + h3d w/dx® + (7/12) h4 ‘wdx* + ... =
Ad*wd’ + Bd wdx + Cd*wdx* + ...

It is seen now that in general

Au = Adwdx + Ay d*w/d® + ... + A d" wdx 7w A d M wdet + .

where A;, A,, ... are magnitudes not dependent on the form of the function f(x) = u. Using this fact, we can easily
determine these coefficients. Since A’u is here represented by a linear and homogeneous function of u and its
derivatives, it only suffices to choose f (x) in such a way that both its finite differences and derivatives were of the
simplest form; and we saw that a* was such a function. And so, suppose that u = a ", then

Au= a*@" - D, d"wdx" = a*(na)"

Consequently, we find that

a*@" - 1) =Aa*lna + Aya*(Ina)* + Asa*(Ina)’ + ...

or
a" -1 =Alna + Ax(lna)* + As(Ina)® + ...
Assuming here Ina = s and noting that
=1 + (hs/1)) + (Ws*2) + ...
we obtain the following equality

[(hs/1!) + (B2 12) + .. = Ays + Ay s* + ... + Ay s”

from which we shall indeed determine the coefficients A;, A, ..

difficult to see that

.by making use of its being an identity. Thus, it is not



Au = Ay d wd '+ A d ™ wdx ™ +
and

[(hs/1)) + (B2 +..1" = Aps™ + A s™ + ... (15)

It is not difficult to conclude now that if u is an integral function of a power not higher than (A — 1), all of its
derivatives beginning with those of the A-th order, and all of its differences beginning with those of the same order, are
identically equal to zero.

We are now going over to the solution of the inverse problem: To express the derivatives of any order through the
differences. Suppose that we found that

Au = Cidwdx + Cyd’uldx® + ...,

AN u = Dyd’wdx® + Dyd’uld’x +

N u = Eyd’wdx® + E;d*uld’x + , ...
then

du/dx = (1/C)) Au — (Co/C)) (d*wdx?) — (Cy/Cy) (d *w/dx?) - ...,

d’wdx® = (1/Dy) N> u — (Ds/D,) (d°w/dx’) — (Dy/D,) (d*widx*) — ...,

d wdx® = (I/E5) N u — (EJEs) (d*wdx*) — ...

It is seen now that in general

d'wdx" = Ny A" u + Ny A u + ... (16)

In order to determine the coefficients of this series we assume that u = a* so that

(na)* == N,@" = D" + Ny(@" = D" + ..

Substituting here (" — 1) = s and noting that

In(l + 5) = (s/1) = (s72) + (s°73) —...

we ought to have such an identity:

(AR [(s/1) = (s*2) + (s°13) —...]" =
Nys" + Nygs™' + ...

from which we shall indeed determine the coefficients N. Thus we have (16) and *

(@jﬂ = Nys" + Nwrls*l+1 + NW,ZSFl+2 + ... 17)
Supposing that u = 1 we obtain
(s/1h) — (s*12h) + (s13h) —...= Nis + Nys” + N3s’ + ...
so that
Ny = 1/h, N, = —[1/2h)], N5 = 1/(3h), ...
and
dw/dx = Au/h — Nu/2h + Nuw/3h — ... (18)

Formulas (16) and (17) can be represented symbolically and they will {then} be easier to memorize. Considering u in
(16) as a factor and A as some magnitude, we may write them in the following way:

d'u/dct = (NyAY + Ny A"+ Ny AY? + L),



u
(@j = NyA" + Ny AM + Ny AP+ L
so that
u
dYu/dx" = (@j u. (19)

Another symbolic formula replacing (15) can be deduced symbolically from (19). To this end we shall consider there
u as afactor, u as a power and d/dx as a magnitude, so that we obtain

d/dx = In(1 + A)/h, (vii)
hence A = (¢"” — 1) and
Aru = ("™ — (20)
In order to provide one more example of the “symbolic” method of deriving symbolic formulas, we shall obtain,

issuing from (20), a formula showing the dependence between the difference of any order corresponding to a given
increment of the independent variable, and the differences corresponding to another increment. Let

Au=fx + h) —f(x) and Aju = f(x + H) — f(x).

From (19) we had, symbolically, (vii). In the same way, from
Al)”u = (e Hd/dx 1)7”14

we obtain d/dx = In(1 + A;)/H so that
(1 + A)I/h = + AI)I/H’

hence A, = (1 + A" — 1 and
Altu = [(1 + A~ 171w (21)
Thus, for example, setting A = 2, h = 1, H = 2, we shall find that
Alu=1[1+ A= 1Tu= Au+ 4°Nu +4ANu (22)

Suppose that we have the following table (Table 1) for the increment & = 1. Then, for the increment H = 2 we obtain
Table 2, and from the equation (22) it follows that

Alu =0+ 4.6 + 4.12 = 72,

a result coinciding with that provided by Table 2.

Table 1 Table 2
u Au Nu Nu ANu u Au Alzu A]3u A14u
1 7 12 6 0 1 26 72 48 0
8 19 18 6 27 98 120 48
27 37 24 125 218 168
64 61 343 386
125 729

Formula (21) transforms into (19) if H becomes infinitesimal:

H* H 1

(ln(l + A)j‘
Ind+Aa))
h

[Afu) =((1+A)H”’—1jﬂu= {(1/h)ln(1+A)(1+A)””’T _

H=0



but

A A
lim [ F 2 = lim A/ (A0 = dwdx?

H=0

so that we find

y) y!
In(1+A In(1+A
d wdx* = (—) u = (—1) u.
h H
Note 1. {The left side of the identity above is apparently written wrongly. Moreover, Chebyshev wrote out here the
equality (16) for the second time without indicating that it was already provided somewhat above, and it is this equality
that is really needed. }

2.2. The Inverse Calculus of Finite Differences

2.2.1. We are going over to a section of the theory of finite differences similar to the integral calculus in the doctrine of
infinitesimals; indeed, we shall now determine the function given its differences.

Suppose that A u, = v, where the subscripts show the value of the variable to which the value of the function is
corresponding; or, in a simpler way, A u = v. We shall show that all the functions satisfying this equation can differ
only by a constant for those intervals at whose ends {for those values of x for which} the values of the function are
taken. Indeed; suppose that some function w {also} satisfies this equation, then Aw = v and Au — Aw = A(u —
w) = 0. But the difference of a function can equal zero only when it takes one and the same value for all the values of
the independent variable following each other after equal intervals which we assume as the constant increment 7 = A x
of the variable. In other words, we may then regard the function as a constant; this follows from the fact that the values of
a function corresponding to the intermediate values of the variable are not at all considered in the theory of finite
differences.

We thus have u — w = C where C should not be considered as an “absolutely” constant magnitude; because of the
said just above, it can depend on such a function that takes one and the same value at the values of x differing one from
another by a constant 7 = A x. Thus,if # = 1, C can equal sin (2r x), cos (2m x), etc., because, in general, sin (21
X,) = sin [2m (x, + n)] where x, is the initial value of the variable and n is an integer. However, we do not need
intermediate values and we shall consider C as a constant.

It is not difficult to show now that the function

Wy = Vi + Vil + Ve + o0 + Vg
satisfies our equation. Indeed,
AWy = Vo + Vol + Voo + oot Vg + Ve — (Vp + Vil ooe + Viel1) = Vi

We shall denote the sum

X
Vi + Vil + Vo + o0 + Vg :Z V.
m
Therefore, if Au = v, u = Z v + C

If x = m, noticing thatz v = 0, we find that u,, = C and

X
Z V= U — Uy
m

It is not difficult to see that

X

Zx: (viw):Z Vizx: w

m

and
Zx: Av=AZx: %

where A is a constant magnitude.



2.2.2. We shall now try to determine the sums of some simplest functions assuming that 4 = 1.
a) First, let

W= x@— D=2 (= [+ 1),
then

Au=lx(x - D —2) (v -1 +2)
and
Ax(x_l)(x_lz)"‘(x_HD S xG - D=2 .. (x—1+2).

Denotenow [ — 1 = n so that

AW/l =

Ax(x—=1)(x=2)..(x—n) =xx-Dx-2)...x —n+ 1
n+1

and

x(x-D(x—-2)....x—n) N
n+l1

C

Doxx-D.@-n+ 1=

because in generalz Au =u + C.

Consequently, we also have

Z": Ao - Do — 4 1) = x(x—l)...(x—n)—+nz(m—1)...(m—n). (23)
- n
Assuming here m = 0 we obtain
= x(x-1D)(x—-2)..(x—n)
- D...(x - 1) = . 24
Zol x (x )oo.x —n+ 1) 1 (24)

These formulas are similar to the following formulas of the integral calculus:

n+1 X n+1
J-x"dx: a +C,jx"dx: a .
n+l1 0 n+l1
b) The sums of the type

> (viii)
are expressed by very involved formulas and are therefore usually determined by reducing the calculation to the
computation of

2, x"
X .

Before going on to these calculations we shall show now another method of computation similar to the approximate
integration, but instead of the Taylor series applied in the integral calculus we shall, however, use the Newton
interpolation formula, cf. (2),

U =1u, + XIHAu + [x(x — 1)/2!]A2u +
x(x — Dx = 2)B3NA u +...

As an illustration, we shall thus find the sum
0

We shall have Table 3sothatu, = 0, Au, = 1, A>u = 6, Au=6 A'u=
... = 0 and

X=x+3xx-1D+x(x-1x-2).



Table 3

X u Au A u A u A u
0 0 1 6 6 0
1 1 7 12 6
2 8 19 18
3 27 37
4 64
Consequently,
DX =) x+3) xx-D+Y, x(x - D -2,
0 0 0 0
But
X -1 X -1 -2
LI BN {C ol [Ea )
0 2 0 3
x(x—-D(x-2)(x-3)

dDoxlr-Dx -2 =
0

and therefore
Z": E x(x—-1 43 x(x-D((x-2) N x(x-D(x-2)(x—-3)
5 2 3 4
x(x—=1 x(x-1)
2 2

() 5]

This remarkable formula shows that

4

And so

X
2
X
0

P+2 +.  +N+=0+2+...+ N~
We are now going on to the abovementioned method of calculating the sums of the type of (viii). We have

Ax™ =@+ D" —x"=m1)x™" +
m(m — D2Nx™> + ... + mx + 1

so that

Z m(m—l)/Z']Z x™ o+ mzx: X +x
0 0

because Ax = (x + 1) — x = 1 and

ZX: 1 =x
0

Therefore

mz x" = x" - {[m@m - 1)/2!]i x"?
0 0

X X
c,’ Z X"+ mz x + x}
0 0

and

X

D xm = ")~ [m — D21 z xm?
0

0

[(m - 1) (m - 2)/3!]Zx: x" o —Zx: x — (1/m) x.
0 0



Setting here m = n + 1 we shall indeed arrive at the formula sought:

Zx: x"= x"™n+ D] - 1/2Y) Z x !
0 0

X

~ - 1DBNY, x" — . =Y x—[Un + D (26)
0 0
Assuming that n = 1 we obtain

X

> ox= () - (1/2)2 1 =[(x*-x/2] = [x(x - D2].
0

0

If n = 2 we shall find that

i X = (F13) —Zx: x— (3) = &B) - [x(x - D2] - x3) =
0 0
[x (2F - 3x + 1)/6]
andif n = 3

Zx: X = (x4 - (3/2)2 x? —Zx: x — (W4) =
0 0 0

2
(cY4) - x@x2 = 3x + DA] — x(x — 1)/2 — (x/4) = [x(xz_l)j etc.

Formula (26) thus enables us to calculate consecutively the sums of the type (viii).
¢) Suppose now that

1
x(x+D(x+2).(x+1-1)

According to formula (5) we have then

[
x(x+D)(x+2)...(x+1)

or

1 1
Al lx(x+1)(x+2)...(x+l—1)] - x(x+D(x+2)..(x+1])’

Assuming that [ = n — 1 we obtain

1 1
x(x+D)(x+2)...(x+n-1 = Al (n—l)x(x+1)(x+2)...(x+n—2)].

Consequently
1
2 x(x+1) (x+2)(x+n—-1)
1
T (n=Dx(x+D(x+2)..(x+n-2) "

2

hence

= 1 1
2

— x(x+1)(x+2)..(x+n-1) =_(n—1)x(x+1)(x+2)...(x+n—2) ¥
1 1
1 mm+ D). (m+n-2)"

n—
i 1 _ 1 . 1 . 28)
— x(x+1)(x+2)..(x+n-1) n—-1 m(m+1)..(m+n-2)

(27)




These formulas are similar to the formulas of the integral calculus

dx -1 1 “ dx 1 1
Jo- b Lol L

x" n+l x"! n-1 m

d) Suppose now that u = a”. Then

Au=a"@-1), Alwla-1]=a"

so that
ax
Z a’ = + C
a-—1
and therefore
D AT (29)
- a-—1
This formula is similar to the formula of the integral calculus
x a' —a"
J- adx =
m Ina

e) We shall also determine the sums of the trigonometric functions sin x and
cos x. We have

Acosx = —2sin (h/2) sin [x + (h/2)]

so that
COSX

BELLLL I — W),
“2sin(arzy b (2

Supposing that x + (h/2) = z we obtain

cos[z—(h/2)]
A{— ——————=}=sinzg
2sin(h/2)

and, setting z = a + by, we arrive at

—cos[a+by—(h/2)]
2sin (h/2)

= sin (a + by).

Assuming now that Ay = 1 we have
h=Ax=Az=Ax+by) =bAy=5»
and therefore

= cosla+ by —(b/2)]
2sin(b/2)

= sin (@ + by).

Hence

—cos[a+by—(b/2)] L C

30
2sin(b/2) 0

Z sin (a + by) =

or



D 2sin (b2)sin(a + by) = —cos[a + by — (b2)] + C..

When substituting here by = x, assuming that b decreases to zero and y increases to infinity in such a way that x
remains finite, we transform this formula into the known formula

j sin(a + x)dx = —cos(a + x) + C

of the integral calculus because
28in (b/2) p=o = bp=o = [b(y + 1) = byl po = (bAY) p=o = dx.

The formula for cos x can be obtained from (30) if we set @ = (n/2) + f. This transforms (30) into

_sin[f +by—(b/2)]
Z cos(f + by) = 2sin(b/2) + C

D

2.2.3. In most cases, summation, like integration, cannot be accomplished precisely and we therefore need methods
enabling us to sum approximately. We are now indeed going over to describing these methods. We have the formula
(14), that, as we saw, is included in the general symbolic formula, cf. (20),

AnM: (el’ld/d.x_ l)nu.

Setting 7 = 1 we obtain

Au = dwdx + (1/2) d*uldx? + [1/2-3)] d uldx® + ...
so that

W=y dwde+ (1/2)) d’uldx® + [U23)]), d’uldx® +... + C'

where C' is a general arbitrary constant.
Suppose now that du/dx = v. Accordingly, our series will become

j vdy =Y v+ (12)) dwdx + [U/(23)]), d’uldx® +...+C',

> =j vde — (12)Y) du/dx — [1/2-3)]) d’uldx® +...+ C.  (32)
Substituting here dv/dx instead of v we shall find that

> awdx =v - (112)Y d’wdx® — [UQ23)]Y d uldc® -

In the same way

D ddx? = dvidx — (112)) dvidx® — [1/2-3)])] d'vide* — ...,
> ddx® = dPvdx? — (1/2)) dvdxt - [1/2-3)])) d vide® — ...
etc.

Inserting the values of these sums into the expression (32) we shall obtain, in general,
Z v =J. vdx + A,v + A dv/dx + Ayd™ldx* + ...+ C.

In order to determine the coeffficients which, as is not difficult to see, do not depend on the type of the function v, we
set v = a”. Therefore, if —oo and x are taken as the limits of summation and integration.

[a(a—- D] =[aYInal + Aga®™ + Aja*lna + Ara*(na)* +...

It follows, when setting x = 0, that



[/(@a - 1)] = (I/Ina) + Ajlna + A;(Ina)* +...

And, if Ina = a,
[/ - D] = (o) + Aja + Ayd® + ... + Aot + ...

This identity indeed enables us to determine the coefficients A;, A, ..., Ay, ... Let us calculate some of them. We have
e — 1 =0+ (@2 + (@73 + ...

Dividing 1 by this series we obtain

[1/(e" — D] = (o) — (1/2) + (1/12) & + 0o + ...

and thus A,
. = Azn

—(172), A; = (1/12), A, = 0, ... Itis easy to show that A4 = Ag =
0. Indeed,

[1/(e* = D] = (/o) — (172) + Ao + Ao +...
therefore

[1/(e* = D] + (1/2) = (/o) + Aja + Ao + ...

but
. ea+1 ea/2+e—a/2
[1/(e* — D] + (1/2) = (1/2) i (1/2) A T
so that
al?2 —-al2

e +e
(1/72) 2 a2 - (/o) + Ao + Az(lz + ...
e —e

Now, the left side of this equality is an odd function. Consequently, the right side should also be odd and

Ao? + A + ... = 0.
Since this is an identity, A, = A, = ... = A,, = 0. Thus we have
Z v :j vdx — (1/2)v + A dv/dx + Asd*vidx® +...+ C (33)

where the coefficients are determined by the equality

ea/Z —-al/2
(12) ———= = (/o) + Aja + As0’ + ...
e —e

or by
[/ — D] + (172) = (/o) + Ao + Az + ...

Suppose for example that v = x, then

> x=[ xdv - (12)x + (1/12) + C = [¥ - /2] + (1/12) + C

and

n

z x=1+2+3+..+m-1 =[nkr- 1D12]
1
As a second example, let v = x3, then

> X :j Cdx — (112)8 + (U)X + 6A; + C =



[(x* — 22 + xH/4] + 64, + C

X =t -2+ A = [ (n - 1)) = [n(n - DT =
1

&)

2.2.4. Suppose now that A; = B,/2!, A; = — B,/4! and that in general
Ayt = (= D' Bra/200 + D]

The magnitudes B, B, ... are called the Bernoulli numbers. We shall now derive a formula for determining them and it
will also enable us to make some general conclusions about them. These numbers should obviously satisfy the equality

al2 -a/2

(112) S5 = (Ua) + (B2 o — (BJANG +... +
e —e

B
— 1 A A+1 2x+1.
TR

However, we have in general
siny = y [l — (W[l — W72° 7)1 = W32 )] ...
and therefore
Insiny — Iny = In[l — (y/2)] + In[1 — /2> )] +...
Differentiating this equality, we obtain after simplification
1 2p ¥ 2p

ct = — - - - - ...
gV W - 1//2 227[21//2 327[21//2

Denote for the sake of brevity +/—1 = i, then

/s eV 4eV
ctgy = (cosy/siny) = lm

so that, substituting 2y = o i, we arrive at

/2 -al/2
e " +e?

i W= (2/(11) -

1 1 1
ol + + +... s
l[ﬁ2+a2/4 P14 P +atl4 j

ea/2+e—a/2
(1/2) W = (1/(1) +
o 1/ x* 12*7? 1/3°7*
N 2 T 2 > T 2 PRI
2 \1+(a/2)yA/x7") 1+(x/2)"1/2°77) 1+(ax/2)"A/37")

However, in general,
/(1 +0]=1-x+x— .. +C=D" +...

and consequently



1/ 7 a o . a
I+(@l2f 7 (1 (1_4_7r2+24—7r4_"'+(_1) =
1/2°7? _
1+ (a/2)12° 7
az a4 . aZn
(1/227:2)(1— i, + Syt -+ (-1 W+ o
1/37° _
1+ (/2137
az a4 . aZn
(1/327T2) [1_ 2232 72 + 2434 14 —..+(=D 92132 72 *..

We thus obtain

al?2 —-al2

(12) 8 = () + @21+ (12D + (13 + ] -
e —e

@2’ 1+ 25 + a53Y +..] +
@21 + (1725 + (3% +...] +...

24+1
a,+

(_WW“ + (11272 + 153™) + .1

Comparing this result with the previous one we get the following series for the Bernoulli numbers:

24+ D!
B, = QU2 S, By = (AU2) o ... By = L2ATDI

YA+ 2242 242

Spar = 1+ (127 + (137 + ..
Details concerning these series can be found in Ostrogradsky’s “Sur les quadratures définies”.

2.2.5. We had to do with series in which the difference A x was assumed to be 1; wishing to introduce any difference
h, we would only have to set x = z/h so that, when x changed by 1, z would have changed by #, and we would have
obtained

Z v :j vdzh — (12)v + A dv/d (Z/h) + A, d™vid(Zh)* + ...

or
Z Vv = (1/h)J. vdz — (112)v + hA dv/dz + WA d™idz? + ... 34)
Therefore
D v =D vh - h[(122)v — hAdv/dz — W Ayd™vidz” ~ ...

Supposing that % is here tending to zero, we get

im[AY vl =lim > vh =j v dz.

Thus, the integral is the limit of the product of the sum by the increment of the independent variable.

2.2.6. Noticing that A; = (1/12), we have

> u =j udx — (12)u + (/12)dwdx + C.

Assuming that ¥ = Inx and assigning 1 and x as the limits for x, we obtain



M
5
=
[

C + j Inxde — (1/2)Inx + (1/12)dInx/dx + ...

Z Inx=C+xlnx—x — (1/2)Inx + (1/12) (1/ %) + ...

where C already has an absolutely definite value which we shall indeed try to determine. We may express this equality
in the following form

Inl + In2+mIn3+...+In(x - 1) =
C+xlnx —x—-{0/2)Inx + (1/12) (1/x) + ...,

Inx! =C + xlnx — x — (1/2)Inx + (1/12) (1/ x). (ix)
However,
(w2) = 2~2-4-4-6-6m 2n 2n
1-3-3-5-5-7 2n—-12n+1
or
[ 27-4%.6%..(2n)° , 2*.4%.6"..2n)*
(m/2) = lim| ——5—; = lim| 5—5— - —
17-37-5°..2n-1) . 17-27-3°..2n)"(2n+1) -

AR R AR A A A A , 24 (n!)*
lim 5 5 = lim > .
1.22.32.4°..2n)*2n+1) ) [(Cm)!P2n+1))

Consequently,
In(@2) =lim{4nln2 + 4In(n!) — 2In[2n)] — In 2n + 1)},
but, cf. (ix),

In@m!) =C+nlnn-n+ (1/2)Inn + (1/12)(1/n) +...,
In[2n)!] = C + 2nlnn — 2n + (1/2)In 2n) + (1/12) (1/2n) + ...

with next terms of the order higher than (1/n) in both cases. We thus have

In(n/2) = lim[4nln2 + 4n + 4C + 4nlnn — 4n + 2Inn + (1/3n) +
womIn@n + 1) —2C - 4nlnn - In(2n) — (1/12n)],= =
Iim[2C + Inn — In2 — In(2n + 1) + (1/4n)] 10 =

lim {2C + 1nﬁ + (1/4n)} o

Finally,

In(@w2) = 2C + In(1/4), C = In 27
and we get

InG!) =Inv27 + xlnx — x + (122) Inx + (1/12%) +...

or

X! — /27[ X x+1/2 e—xe (1/12x)+...

But ¢ " =1 + (1/12x) + ... so that, as already derived in §1.3.12,

x! = N2 x e[+ (1/12%) +...]. (35)



2.2.7. We shall now provide another proof of (35). Consider the function

x!
72 =0

where x is supposed to be integer and positive. We have

(x=D!

(x—1)" 172 g =o(x -1
so that
x-1/2)
q)?x(i)l) = X(xxx}r)(uz) e = [1 —(1/%)] =),

and consequently
Inp(x) —Inox - 1) =1+ [x — (1/72)]In[1 - (1/x)].
Expanding In [1 — (1/x)] we obtain

e —Ino@ — 1) =1+ [x — (1/2)] {= 1) — (1728 — (1/35°) —... -

[/ + Dx"™ - .y =1-1-1/2%) - (A3 — ...— (x"™ -
[+ )x] — .o+ (1120 + (172) (1/2x°) + (1/6x7) + ...+ (121x") +
(120 + Dx"™" +... = —(U12) A/xD) - (1/12%°) — ... -
L ()
20(1+1) x'
But
I-1 l I-1 1

< ; < .
A(1+1) 21+ 201 +1) 2(+1)

If [ = 5 it follows that the left sides of these inequalities are less than (1/12). For [ = 4 itis 3/40
and, since it decreases with an increasing /, (1/12) is the maximal coefficient in the right side of (x) so that

-1 1 _
200 +1) x'
/12x%) + (U3 + ... + (Uxh +...]

A/12x%) + (1/12%°) + ... +

which leads to the equality

-1 1
21(l+1)? = (0/12) [1/x (x — 1)]

(1/12) (1% + (11125 + ... +

where 0 is some proper fraction. And so,

Inp(x) —Ine(x — 1) = =(0/12) [I/x (x — 1)],

hence
Inp(x) —Inp(x — 1) <0, (36)
Inp(x) —Inepx — 1) > -1/12) [1/x (x — 1)]. (37)

Inequality (36) leads to In @ (x) < In @ (x — N) where N is any integer and inequality (37) can be written
as

Inpx) — (1/12x) > Inp(x — 1) — [1/12(x — 1)]



so that

Inp (x) — (1/12x) > Ino (x — N) — [1/12 (x — N)].
We setnow x — N = z and obtain

Ine(N + z) < Ino(2),
Ine(N +z) >Ine(z) — (1/12z) + [1/12(N + 2)].

And, assuming that
lim[Ine (N + 2)] n=o = C,
we arrive at
Inp(z) >C >1Ino(z) - (1/122).
Consequently,
C=Ino(z) — (6/12z), Ino(z) = C + (6/12z)
where 0 is a proper fraction. However,
Inp(x) =Inx!) - [(x + (1/2)]Inx + x
so that
In(x!) = [(x + (1/2)] Inx— x + C + (0/12x),

which is what we ought to have derived.
We are thus concluding the issue on summing and are going over to the integration of equations in finite
differences.

2.3. Integration of Equations in Finite Differences

2.3.1. We are now going over to that section of the theory of finite differences that is similar to integrating differential
equations. The problems of this theory are much more difficult than the similar problems of the theory of infinitesimals,
and the integration of equations in finite differences is also incomparably more troublesome than the solution of
differential equations. Even the reduction of this integration to summation which is similar to expressing the solution of
the latter equations in quadratures, — even this would have been of comparatively little use because we are only able to
calculate the sums of a very small number of functions, by far less than the number of those which we can integrate.

It is therefore clear that the integrating factor that transforms the left side of an equation into a total differential, or, in
our case, into a difference, after which the problem is reduced to summation, can have no significance in the theory of
finite differences. Even in the theory of differential equations the determination of this factor leads to integrating partial
equations, i.e., to the integration presenting more difficulties so that it cannot be important as a method of integrating *
whereas in the theory of finite differences we would have encountered incomparably more difficulties when determining
it. We begin by integrating linear equations of the first order, then we shall consider linear equations of any order both
with and without the last term {the right side}. The methods of integrating these equations will be quite similar to those
of solving differential equations except that now we shall not encounter integrating factors.

In their form, the equations in finite differences will not be quite similar to differential equations because now we will
show the dependence not between the differences of the function and the independent variable, but between the initial
and the changed values of the function and the independent variable so that these equations will be of the following type:

f(yx+n; yx+n—1;yx+n—2; cees yx+1; y)n X) = 0
where y, is the initial value of the function. Since

yx+1 = yx + Aym yx+2 = yx+1 + Ay)c+1 = yx + ZAyx + Az)’x, etC,



the form of this equation is easily made similar to that of differential equations.

Note 1. Concerning the integrating factor, Lagrange expressed himself in such a way: “It is good for various theorems
about it, but not as a method of integration”. At present, his idea is being ever more confirmed.

2.3.2. Let us consider a linear equation of the first order of the type
Pywi + Qye =V

where P, O and V are functions of x only. Suppose that y, = u, v,, then
Vet = (U + Auy) vis

so that the form of the equation becomes

P v +Aucve) + Qveue =V
or
Uy (Pver + Qvy) + PAuvyy = V.
Since the function v, is arbitrary, we assume that
Pvi + Qv =0,
therefore
PAu, vy = V.
Let
Ve = exp (Wy), Vi = exp (wy)-exp (Aw,),
then
Pexp (w) exp (Awy) + Qexp (w) = 0
and consequently
Pexp(Aw,) + O =0,
Aw,=In(-Q/P), w, = Zx: In(—Q/P).
We shall not assign any lower limit because it ought to remain arbitrary. And so,

v, = exp Zx: In(-Q/P)

and
1 P x+1
Au, = %. - v/ Y e > mo/P.
Y N In(-0/ P)
Therefore,

X x+1

=, %exp Y, In(-Q/P)] + C,

x+1

X X V
y=exp ) In(-Q/P)[C+ ), 5 o Y, In(-Q/P).

For example, let us integrate the equation



X Yxr1 — (X + 1)yx = 1.

We substitute y, = u,v,, then

yx+1 = (ux + Aux)Av)ﬁl = Uy Vit + Uy Virl
and
Ue[X Vet — x + Dv] + xAuve = 1.

Suppose that
XV — (x + Dv, =0,

then
Auy = (1x) vy

Let v, = exp (w,), then
xexp(Awy) —(x+ 1) =0, Aw, = In[(x + 1/x] = Alnx,

we= > In[(x + D/x] = Inx, exp(wy) = x,
1 = 1
A= ———, u, =) —— =-(1/v) + C.
x(x+1) x(x+1)
Thus,
ye = [C - (Ax)]x = Cx — 1.
2.3.3. We go over now to linear equations of the higher orders and we begin by considering those of the second order

Yx+2 + Pyx+1 + ny =V (38)

where P, Q, V are some functions of x. We shall show how to find its integral
when knowing the integral of the same equation without its right side

Vw2 + Py + Oy = 0. (xi)
Suppose that functions v, and u, satisfy this; we shall show that the function
Cu, + C'v, (xii)
will also satisfy it. Indeed, since u, satisfies the equation, we have
Uy + Pty + Qu, = 0. (39)
Multiplying (39) by a constant C we obtain
Cuyy + CPuyy + CQu, =0
so that C u, {also} satisfies it. In the same way we find that
C'Vvir + C'Pvy + C'Qv, = 0.
Adding these two equalities we obtain
Cugr + C'vir + P(Cupey + C'vi)) + O Cu+ C'vy) =0,

which means that (xii) is an integral of equation (39) containing two arbitrary constants. So as to determine now the
integral of the initial complete {non-homogeneous} equation we shall apply the Lagrange method of varying the arbitrary



constants. Going over to this complete equation, we ought to assume that C and C’ are some functions of x so that its
general integral will have the form

Yo = Ceuy + Clovy.

Now we shall indeed determine C,and C’,. We have

Verl = Crprtteyr + Clhpi Vi1 = (Co+ AC) Uy + (Chi+ A CY) v
Suppose that

ACiuyy + ACv= 0
so that

Ver1 = Crthyr + Chveyy (40)
and

Yer2 = Gty + ChaVin = (G4 AC) Uer + (Ci+ ACY) Vi

Substituting the values of y,,,, y.+1 and y, into equation (38) we have

Cx [ux+2 + Pux+l + qu] + C'x[vx+2 + PVx+1 + va] +
A Cittyyr + A C'xvx+2 =V

But
Uy + Py + Que = vy + Py + Qv = 0

because u, and v, satisfy equation (xi). We thus determine that
ACity + ACh vy = V. (41)
Adding to this equation (40) we have
ACiu + AChvyy =0

and, solving now {this together with (41)} with respectto A C, and A C',, we obtain
AC:= @o(x), AC, = ¢i(x)

so that

Co= D 9@ + Co, Ch= D oi(x) + C
and

Ve = Coue+ Crvy + uxz Po(x) + sz @1(x).

We have thus reduced the integration of equation (38) to the integration of (xi) for whose solution mathematics in its
present state has no methods. To illustrate, let us take up equation

Yes2 — SYe1 + 6y = X (xiii)
The equation

Ves2 — IVxs1 + 6y, = 0
has solutions 2* and 3" and we assume that

ye = G 2° + C, 3"



Consequently,
Yerr = G2+ €0 3%+ AC 2™ +AC, 3
Assuming that

AC 2" +AC,. 3 =0 (42)

we have
yer1 = G2 4+ € 3!
and
Yoo = G277+ C 37 + AC 2™ + AC 3
and also
AC. 2™ +AC, 3™ = x
Solving this equation together with (42), we obtain
AC, = —x/ 2" AC', = x/3

so that
Cx = —(1/2)2 X(l/z)x + Coa C'x = (1/3)2 x(1/3)x + C,.

In order to obtain the values of these sums we shall derive the formula for “summing by parts”. Choose some
functions S, and K,. Then

A (S K

) (Sx +ASx) Kx+1 - Sx Kx = Sx (Kx + AK)C) + Kx+1ASx - Sx Kxa
A(S Ky = S,

AK, + KA S,

and consequently
ScKe =), StAK: +), Kt ASe

Setnow AK, = T,, then

x+1

K. :i T, Kis1 :z T,,
x+1

Y S Te=8), Tc- Y, ASY, T. (43)

When applying this formula that is similar to the formula

as, j T, dx] dx

ijTxdx=Sj Txdx—j [~

of the integral calculus, we have

x+1

ox)=xY, )T - Y AxY. (1/2)7



x+1

DoxB) =x) (BT - DAY A3

However, in general

Z a=al@-1)

and
DAt = =2012)% D (13T = - (3/2) (1/3) %
XZH (12)* = -2(1/2)% Z] (13)* = = (1/2) (113) ",

> 2 =202% —(12)), (13T = B4 (1/3)*

so that

PETAN
D> x(1/3)”

Thus,

S (1/2)F —2(1/2)" = = 2(1/2) " (x + 1),
—(B2)x (13)* = 3/4) (1/3)* = =3 (1/3)* [(2) + (1/4)].

C.=U2)"x+ 1) +C,, Cy=-U13"[(x2) + (1/4)] + C,
and

y=GC2"+Ci3 + (x+ 1)Q2/2) — (1/3) " [(&2) + (1/4)] 3" =
(12)x + (3/14) + C,2" + C, 3"

This is indeed the general integral of the equation (xiii).

2.3.4. Let us apply now the same method to equations of the third order which we shall consider in the form
of

Yx+3 + Pyx+2 + ny+1 + Ryx =V (44)
Suppose that three functions, u,, vy, w,, satisfy the equation

Yx+3 + Pyx+2 + ny+1 + Ryx =0 (45)

and that its general integral can be formed by them. A necessary condition for this is that the determinant

ux+1 vx+1 Wx+1
Mx+2 vx+2 Wx+2 (46)
u 1% w

x+3 x+3 x+3

does not vanish. Otherwise these three functions will be connected by such a dependence that equation (45)
(after their substitution there and its solution with respectto 1, P and Q) ! would have provided for P and
Q either indefinite or infinite values. The three functions should be linearly indendent one from another.

In this case the function
yi= Cu+ Clvy + C'"wy

will satisfy equation (45). For a function of the same type to satisfy equation (44) we ought to replace here C,
C'" and C" by C,, C'x and C", and consider them {the new magnitudes} as functions of x.



And so, let the function
vy = Cut+ Chvy + C'wy (xiv)
satisfy equation (44). Then

Yx+1 = Cxux+l + C’)cvx+l + C”xwx+1 + A Cx”x+l + A C’)cvx+l + A C"xWx+l-

Let

A Caterr + ACWi1 + AC" Wiy = 0 (47)
so that

Vert = Gty + Clvpgy + Clowgyy, (xv)

Y2 = Cxux+2 + C’vax+2 + C’wax+2 + A Cx”x+2 + A C'xvx+2 + A C”xwx+2-

We suppose now that

ACityy + AC'Wip + AC"Win = 0, (48)
then

Yir2 = Gtz + Clovpn + Ciwyin (xvi)
and

Yx43 = Cxux+3 + C’vax+3 + C”xwx+3 + A Cx”x+3 + A C'xvx+3 + A C”xwx+3- (XVH)
Substituting now the expressions (xvii), (xvi), (xv) and (xiv) into equation (44) and noticing that

Uz + Puyy + qu+1 + Ruy= 0, viy3 + Pvepr + va+1 + Rv,= 0,
Wiz + Pwep + QWx+l + Rw,= 0

because u,, v, and w, are solutions of the equation (45), we get
ACityz+ AC' ez + AC" W3 = V. (49)

Solving now equations (47) — (49) with respect to A C,, A C’, and A C",, we obtain finite and definite values
because the determinant (46) is not equal to zero. And so, we shall have

ACi= @yx), AC,= ¢i(x), AC", = ¢2(x)

and therefore
Co =D, 0¥ + Ap Ch =D i) + Ap, C'y =D @ax) + A,
The general integral of equation (44) will thus be
Vo= Aot A + Agwy + 1,0 9oX) + 1Y, 010 + Wi oo(x).  (xvii)

We have reduced the integration of the equation (44) to the solution of a simpler equation (45). Note that the
expression (xviii) shows that the general integral consists of two parts: of the general integral of equation (45) and some
function of x. It follows that, when substituting the expression (xviii) in equation (44), this function will in itself satisfy
it because the first part of (xviii) turns the left side of (44) into zero.

Thus, in order to determine the general integral of the equation (44) it suffices to find some solution satisfying it, and
the sum of that function and the general integral of the equation (45) will indeed be the general integral of the equation
(44).



Note 1. {Chebyshev’s own expression. }
2.3.5. Let us extend now the derivations of the previous sections onto equations of any order. We take the equation
yx+n + Pyx+n-1 + ...+ Ryx+2 + Syx+1 + Tyx = V (50)

where P, ..., R, S, T, V are functions of only one {variable} x, and suppose that n functions u,, v,, W, ..., ®,
satisfy the equation

Yern + Pyxin1 + oo + Ryxo + Syt + Ty, = 0 (51)
so that its general integral is
Ve = Cuy + C" + CPw, + ... + C"0,.
Assume also that the general integral of the {non-homogeneous} equation (50) with the last term included is

ye = Claty + C"ovy + CPm; + ... + C™, 00,

and set
’ 7 (n) —
ACu, ,+ACy ,+..+AC"..w =0
’ ”
ACu, ,+ACv_,+.+AC".@ ., =0,.., (52)
’ 7 (n) —
ACu,., +ACyv. ., +.+AC"0 ., =0
Then
Yr+1 = C,xux+1 + C"xvx+1 + ... + C(n)x(ox+19
Yer2 = C’)cux+2 + C”xvx+2 + ... + C(n)x(ox+2, sy
Yx4n-1 = C’qux+n-1 + C”xvx+n-1 + ...+ C(n)xmx+n-l
and
Yesn = Cllten + C'ypsy + o0 + C(n)x(oxwl +

ACuy + AC"isr + .. + AC™ 0,4,

Substituting these expressions instead of y,, Vi1, ..., Yx+n 10to equation (50) and noting that the functions
Uy, Vy, ... satisfy the equation (51), we obtain

A Chitisn + AC"Wean + oo + AC™ 0puy = V.
When solving this equation together with (52) with respectto A C, ..., AC ™, we have

AC, = ¢i(x), AC" = (%), ..., AC", = @u(x);
C,x =Z (Pl(x) + Al’ cre C(n)x =Z (pﬂ(x) + Al’l’

and

Yo = Ay +Av, + ...+ A0, +

sz (Pl(x) + sz (PZ(X) +...+ (sz (Pﬂ(-x)
will be the general integral of the equation (50).
Hanee c. 102 no 110 co ckanHepa u nocse 3Toro:

yO’ yla yZ, -'-’yx’ yx+1, yx+2, ceey yn—l,yn

arranged in the same order and satisfying the inequality



yx not > R,, with y, = 2 and y; = 3. 1

It is easy to see that this condition will be satisfied if, in general,

Yee2 = Yx+l + Y (xxiv)
Indeed, assuming that

Verl S Ryppand yy < Ry

we have

Yx+2 < Rn—x—l + Rn—x-
But

Ryx2= Rys1Gny + Rysy Rux2> Ryv1 + Ry
so that

Vir2 < Ryvoa.

However, y, < R,, y1 < R, .and, consequently, in general y, < R, Nevertheless, when integrating
equation (xxiv), we obtain

ye = Ci (1 + V2T + G [(1 = V521

with the arbitrary constants C; and C, determined by the
conditions y, = 2 and y; = 3, so that

Ci+ C=2, Cl(l +V52] + G [(1 — V5)2] = 3.
We thus obtain

Ci = (V5 + 2)N5, C = (V5 = 2)5,
ye = [(V5 + 25111 + V521 + [(V5 = 2051 [(1 = V5)2T1 < Ry

Assuming here n = x and noting that R, = A, we get
(V5 + N5 (L + V921" + [(N5 = 2511 = V521" < A.
But

[(V5 — 1)/2] < 0.7 and [(1 — V5)/2]" < 0.7,
[(\V5 = 251 [(1 = V521" < 0.7 [(N5 = 2)5] < 0.08.

Therefore

[(\V5 + 2)N51 [(1 + V5)72]" - 0.08 < A,
[(V5 + 251 [(1 + V521" < (A + 0.08) [(1 + V5)/2]

and, since A > 2, A + 0.08 = A(1 + 0.08/A) < 1.04A, we have



1445 1445

[ + V52" < 1.04A (V512) —/—= = 0.52AV5 ——

2445 2++/5°

Taking logarithms we get >

lg A+1g0.52+1g (1+2.236) +1g2.236 — 1g (2 +2.236)

n+1)<
lg (1+2.236)—1g?2
o+ 1) < 1 lgA — lg 2+2.236 .
Ig[1+2.236)/2] 0.52(1+2.236)2.236
But
2+2.236 4 1
>

0.52 (1+2.236) 2.236 0.52(2.236+5) B 0.13(7T+ @)

where o is a proper fraction; 3then, since V5 < 224, o < 0.24 or a < 1/4. Thus,

2+2.236 S 1 o1
0.52 (1+2.236) 2.236 0.13(7+1/4)

and consequently

IgA
n+1> .
lg[(1+2.236)/2]

But \5 > 2.236 and Ig [(1 + V5)/2] > Ig 1.618 = 0.2090,
lg[(1 + V5)/2] > 0.2 = 1/5 and consequently (n + 1) < 5lgA.

Denote the number of digits in number A by N, then 1gA < N and (n + 1) < 5N. We thus
infer that, when calculating the greatest common divisor of numbers A and B with A < B, we shall have to
perform a number of divisions in any case less than five times the number of digits in the lesser number A.

We conclude here the theory of finite differences.

Note 1. {Below, I do not anymore follow Chebyshev in writing a not > b (say); instead, I adopt the
simpler notation a < b.}

Note 2. {In several lines below I write 2.236 instead of \5 as given by Chebyshev.}

Note 3. {Strictly speaking, o is irrational. Here and below Chebyshev considered common logarithms but
did not change his notation. }

Chapter 3. The Theory of probability
3.1. The Laws of Probability

3.1.1. The theory of probability aims at determining the chances for the occurrence of some event. The word
event means, in general, everything whose probability is being determined. In mathematics, the word
probability thus serves to denote some magnitude subject to measurement.

Probability evidently depends only on two magnitudes: on the number of cases favorable to the event and on
the number of all the equally possible cases. Therefore, when denoting the probability of some event by E, the
first number by m and the second one by n, we have

E = F(m;n) = F[n(@m/n);n] = ¢ (m/n; n)



where ¢ is such a function that increases with m and decreases with an increasing n. But it is not difficult to
agree that probability should not change when the numbers of all the possible cases and of those favoring the
event increase in the same ratio. In the theory of probability, this property is being assumed as an axiom.
Consequently, the function ¢ should not change if we replace m and n by Am and An where A is an
arbitrary factor. It follows that

¢ (m/n; n) = ¢ [(Am / An); An].
This equality shows that the function ¢ does not depend on n. Thus,
E = f(m/n).

That is, the probability is a function of the ratio of the number of favorable cases to that of all the equally
possible cases, and this function, if the mentioned ratio be assumed as an independent variable, should be an
increasing function. As to its form, this is unknown to us so that when defining probability we may arbitrarily
take any increasing function of the ratio m/n. In mathematics, this very ratio, which is the simplest function, is
indeed assumed as an expression of probability.

{To repeat,} in mathematics, the ratio m/n, which we shall now denote by p, is indeed usually assumed as
the definition of probability in the sense of a magnitude subject to measurement. If p = 0, the probability
turns into certainty that the event will not occur; in the same way, if p = 1, probability turns to certainty that
the event will occur. As everywhere in mathematics, we consider these two extreme cases, which go beyond
the province of probability, as the limiting cases of the general, and it is in this sense that we regard
probabilities equal to zero or unity.

Above, we defined the word event as one of the terms occurring in the theory of probability; now we add
that we shall call events incompatible if they cannot take place at one and the same chance {trial}. Thus, the
throwing of a card of clubs and of an ace from a deck of cards are compatible events, but the drawing of a
single card being a club and an ace of hearts provides an example of incompatible events. Let us consider now
the main properties of probabilities expressing them as theorems.

3.1.2. Theorem 1. The probability that {any} one of the two incompatible events will occur is equal to the
sum of their probabilities. Suppose that E and E; are the two incompatible events and let p = m/n be the
probability of the first one, and  p; = my/n;, the probability of the second one. Since the events E and E,
are incompatible, a case favorable for the first will not be favorable for the second one, and vice versa. The
number of cases favorable for the event (E + E;) is therefore (m + m;), whereas the number of all the
equally possible cases remains, as it was, equal to n. The probability that one of these events will occur is
therefore

P=@m+ m)/n=p+ p. (1)

It is easy to extend this theorem onto any number of incompatible events. Indeed, let E, E;, E, ... be
incompatible events with probabilities p = m/n, pi = m/n, p, = my/n, ... The probability that one of the
two events, E and E,;, occurs, or the probability of the event (E or Ej), is (m + mj)/n. It follows that the
probability of the event (E, E; or E) is
[(m + m;) + my)/n. Continuing to reason in this manner, we shall find that, in general, the probability P of
the event
(E, El, Ez’_“’OI‘ Ek) 1S

P=m+m +... +m)/n

p+p1+p+...+ pr

Note that if, in formula (i), P = 1, the events E and E; whose probabilities are p and p; are called
contrary. For such events the probability of one of them thus complements to unity the probability of the other
one.

The probability that some event occurs or not is always 1, so that knowing the probability p that the event
will take place, we shall find the probability p; that it will not occur in accord with the formula

pr=1-p.



The Theorem above can also be formulated thus: If one and the same event has several different
incompatible forms, then its probability is the sum of the probabilities of its forms. If the probabilities of all the
forms are equal one to another, the probability of the event is proportional both to the probability of each
separate form and to the number of the forms.

3.1.3. Theorem 2. If the probability of event E is p and the probability for the event F to occur after
event E happened is q, then the product pq is the probability of the compatibility of these events (of event E
and then of event F to take place). Suppose that

Cl’ CZ,---, Cl’l’l’ AR ] Cl,la CFH']’ ey Cn—l’ Cn

represent equally possible cases and p of them, taken in that order in which they are written above, are cases
favorable for the event F. Then,

p = Wn and g = m/p
because, when determining ¢, we ought to take p as the number of all the possible cases. It follows that
pq = m,

but m is the number of cases favorable for both the first and the second event and n is the number of all the
equally possible cases for each of these events so that m/n 1is the probability that they both occur at the same
time {one after another}.

If r is the probability of event G occurring after event F took place, gr will be the probability that the
events F and G occur at the same time {one after another}, and pgr, the probability of the joint occurrence
of the three events, E, F and G. Reasoning in this manner, we shall extend our theorem onto any number of

events.

In the particular case in which the probability of event E; to occur after event E took place is ¢;; the
probability of event E, to occur after event E; took place is ¢»; etc, and, finally, in which the probability of
event Ej to occur after event Ej; took placeis ¢i; andif g = ¢g» = ... = gx = p where p is the
probability of the event E, then the probability of the compatibility of these (kK + 1) events will be p

k+1
9192493 --- gk = p .

3.1.4. To illustrate, let us solve the following problem: Suppose that we have a vessel containing white and
black balls and that we draw a ball, return it to the vessel, draw a ball again, etc, and repeat this operation [
times. It is inquired, what is the probability to extract a black ball during these trials {exactly once}.

We understand the word frial as such a concurrence of circumstances under which the event can take place.
Let the probability of drawing a black ball at a trial be p, then (I — p) is the probability that this event will
not occur at one trial. The probability that this event will not take place at the second trial is also (1 — p)
because the chances of its occurrence remain as they were previously.

And so, the probability that the event will not happen in two trials is (1 — p)% in three trials, it equals (1 —
p), ...,and in [ tralsitis (1 — p). Therefore, the probability that this event occurs, i.e., that the black ball
will be extracted, is

P=1-(1-p

If p is a very small fraction, we may break off at the first term of the expansion
In(l -p)l=Ilnd -p) =1[-p - QP2 -3 -..]

so that we will have

A-p'=er,Pp=1-¢"



3.1.5. As a second example, we shall try to solve the following problem: Determine the probability that a
randomly chosen fraction can be reduced. Let A/B be this fraction and P, the probability that it cannot be
reduced. It is easy to see that this probability is composed from probabilities p,, p3, ps, ..., pm,» Where m 1is
any prime number, that A/B cannot be reduced by 2, by 3, ..., by m. Therefore,

P = pyp3ps...pm.

Let us determine p,. We shall calculate the probability that the fraction cannot be reduced by m if we find
the probability that the numbers A and B are not divisible by m. Suppose that we divide A by m; then the
remainder can only equal 0, 1, 2, ..., (m — 1). Itis seen therefore that the probability that A is divisible by
m 1s 1/m. In the same way the probability that B is divisible by m is 1/m so that 1/m* is the probability
that these events coincide, i.e., that the fraction can be reduced by m. Therefore p, = 1 — (1/ mz). Thus

P =11 - 21 = ABHI[1 = (/5] ... [1 = (UmD)]...
where m is a prime number. It follows that

~ 1 1 1
1-(1/2%) 1-1/3%) 1-(1/5%)
1/4* + 1/5% + ...

=1+ 12> + 1/3° +

and the sum of the series is 1/6."
Neither is it difficult to derive this result directly. The expansion

sin x

=[1 - ][ - 221 - X 3% ...

X

1s known, and we also have

SIMY ) Z G36) + (120) —
X
so that
In[l — (*6) + (x*120) — ...] = In[1 — (/7)) +

In[1 — (% 2*7)] +...

or

2

X
- +..= -

6

Therefore, equating the coefficients of the same degrees of x in both sides of this equality, we shall obtain, in
part,
1+ (12%) + (1/3%) + (1/4%) +... = 7’6

sothat 1/P = 7°/6 and P = 6/ > which is about 6/10. If we denote the probability that the fraction can be
reduced by Q, we shall have Q = 1 -6/ .

Denoting now the probability that some fraction is irreducible once it is known that it caanot be reduced by
2, 3 or 5 by P,, we shall have

P =P, [1 — 1(2H][1 — A3H][1 = (1/5Y)]

and



1 1 1 75

P, = [6/ 7 : : = .
[ ]1—(1/22) 1-(1/3%) 1-(1/5%) 871’

But 87° = 78.97 and P, = 75/79, 1 — P, = 4/79,
1719 > 1 — P, > 1/20.

Thus, if the fraction A/B is known to be irreducible by 2, 3 and 5, the probability that it cannot be
reduced by other numbers either is contained between 1/19 and 1/20.2

Note 1. {Chebyshev refers here to his §1.3.11 where this well-known series is not even considered. He had
not explained the transition from product to this series, but it can be found in Euler’s Introduction to the
Analysis of Infinitesimals, Chapt. 15, §275.}

Note 2. {An obvious mistake: (1 — P,) is the probability of the contrary event. More important: It should
have been specified that A and B with equal probabilities and independently from each other take any value
from VN to N where VN is a large natural number and N — co. Bernstein severely criticized Chebyshev’s
solution (also mentioning Markov who had followed his teacher) noting that the application of probability in
the number theory is of a peculiar nature.See his paper The present state of the theory of probability (1928;
translated in Deutsche Hochschulschriften 2579. Egelsbach, 1998, pp. 109 — 129 (pp. 111 — 112)). Also see
Postnikov, A.G., Beposmuocmuas meopus uyucen (Stochastic Theory of Numbers). Moscow, 1974.}

3.1.6. Until now, we studied the laws which enable us to determine prior probabilities; now we shall go over
to the laws concerning probabilities known as posterior. And we note that these laws are far from being
distinguished by the rigor possessed by the two expounded by us {above} so that they should rather be
regarded as hypotheses than as laws.

Theorem 3. Knowing that event E occurred, and that it could have taken place together with events F,
F», ..., F;, whose probabilities are P;, P, ..., P;, and which are independent one from another, we shall find,
that the probability Q that event E took place together with event F), is expressed as

Qj = Pipi/ (Pip1 + Pop> + ... + Pip)

where py is the probability of the event E after event F took place.

Let n be the number of all the equally possible cases for the events Fy, F, ..., Fi, and m;, the number of
cases favorable for event Fj. Since the events F, F5, ..., F; are independent one from another, the number of
cases m; does not include those favoring the other events. Thus, P; = m;/n. Suppose now that among these
m; cases favorable for the event F; there are A; cases favoring the event E, then p; = A/m; and we will
have

Qj = }nj/(}nl + M+ ..+ 7\7' + ...+ 7\,,)
Substituting instead of A;, A, ... their values we obtain

Q; = pimjl (pimy + pomy + ...+ pim;) =
Pjpj/(P1p1 + P2p2 + ... + P,'p,').

Suppose for example that we have two groups of cards, A and B, with group A consisting of two small
piles, two red cards and one black card in each of them, and with group B being a small pile consisting only of
three red cards.

Suppose now that we draw a red card n times in succession. It is inquired, What is the probability that the
extracted card {cards} belongs {belong} to group A. !'We also suppose that, having put our hand in some
group, we make all our drawings from this group; and that, after each extraction, the card is returned to the pile
from which it was drawn.

In this problem, the event F; is the drawing of a card from group A, and the event F,, its being drawn
from B; P; is the probability that the card is drawn from group A; P,, the probability of its being drawn



from B. Since A consists of two piles and B, of one pile, and since we consider it equally possible that any
pile is chosen, we will have P; = 2/3 and P, = 1/3.

The probability of drawing a red card from group A is 2/3 so that the extraction of n red cards in
succession from this group is (2/3)" and the probability of drawing a red card from group B is 1. It follows
that p; = (2/3)" and p, = 1. The probability that the red card {cards} extracted n times belongs {belong}
to group A is

Q13)" 2/13) 1 [(213)" (2/3) + (1/2) 1] = 2™ /2™ + 37
= 1/[1 + (172) 3/2)".

0

It is seen therefore that with n increasing to infinity this probability tends to zero whereas the probability (1 —
Q) that the extracted card {cards} belongs {belong} to group B approaches unity.

To provide another example let us determine the probability that an examined student who successfully
answered [ questions 2 will successfully answer the other ones as well. Let the number of questions be N.
The examiner supposes that the student can successfully answer 0, 1, 2, ..., x, ..., N questions, and regards
all these {implied} events, (N + 1) in number, as equally possible. The probability of each of them is 1/(N +
1) so that

Pi=P,=..=Pny = 1/(N+ 1)

In our case p, is the probability that the student will answer [ questions if it is known that he was able to
answer x of them. In order to determine this probability, we note that x/N is the probability that under our
condition the student will answer one {more} question.

However, after the card with this question is extracted, there remains (N — 1) more out of which he will
answer (x — 1) ones; he can draw any one of these (N — 1) questions, and the probability that he will extract
a favorable question is
(x = 1)/ (N — 1). Thus, the probability that the student will answer two questions is (x/N) (x — 1)/ (N — 1).
Continuing to reason in the same manner, we find that

e = x(x=D(x=2)...(x=1+1) . (i)
N(N-1)(N-2)..(N-1+1)

Therefore, the probability that he answers x questions (denote it by Q,) will be

x(x=D(x=2)..(x=1+1) NZ*:' x(x=D(x=2)...(x=1+1)
N(N-1)(N-2)..(N-1+1) ~ N(N-D(N-2)..(N-1+1)"

Now {formula (24) in Chapt. 2} the numerator of the sum is

(N+D)N(N =1)... AN =1+1)

[+1
and
0, = x(x—1D(x—=2)...(x=1+1)(+1)
(N+1)N(N—-1)...(N—-1+1)
so that
O = Ji/++11'

Note 1. { As I put on record (History of theTheory of Probability to the Beginning of the 20™ Century. Berlin,
2004, p. 196), Liapunov remarked that Chebyshev had sometimes wrongly used the singular form instead of
the plural. }



Note 2. {Chebyshev considered questions written out on cards in advance and randomly extracted from the
pile of cards by the students. }

3.1.7. We are now going over to the fourth law which can be considered as a corollary of the previous ones.
It can be formulated in the form of the following theorem.

Theorem 4. The occurrence of event E is only possible together with one of the events F; F,, ...
independent one from another. Then the probability H of event G which takes place after E occurred and
which is also only possible together with one of the events F;, F»,... is determined by the formula

H = (P1P1(I1 + Pzpzqz + )/(P1p1 + Pzpz + ) =

PRAXE (i)
> Pop,

where P, and p, have the same meaning as in Theorem 3 and ¢, is the probability of the event G under the
hypothesis F,, i.e., after F, took place.

Supposing that the event E occurred, the probability that it took place together with event F, will be, in
accord with the preceding theorem,

Pipi ! (Pip1 + Papy + ..0).

But event G can only take place either with event Fj, or with event F5,..., so that the probability of its
occurring at all is determined by formula (iii).

Let us consider now the following example. A student draws [ questions and answers them successfully. It
is inquired what is the probability of his also successfully answering the next extracted question.

Let N be the number of questions. Event E is the drawing of / favorable questions. Events, or, rather,
hypotheses Fj, F»,..., are the suppositions that the student is able to answer 0, 1, 2, ..., N questions. It is
assumed (certainly wrongly) that all these hypotheses are equally probable so that P, = P, = ... = P, = ...
= Py = 1/(N + 1). The probability p, that the student, having being able to answer x questions, extracts [
questions and successfully answers them, is expressed by the formula (ii).

The event G consists in that the student is able to answer the (/ + 1)-th question. Its probability under the
hypothesis F, is g, = (x — )/ (N — [) sothat H, the probability sought, will be determined by the formula

Ni:l x(x=1D..(x=1+D(x=1)
- TWHDNN=D..(N-I+DN=D) _
- Ni x(x=1..(x=1+1) a

T (N+D))N(N-1D..(N=1+1)

D x(x=1..(x=1)
> x(x=D.(x=1+1)

[I/(N - D]

But we have {again cf. formula (24) from Chapt.2}

(N+DN(N -1D...(N -1 and (N+DN(N-D..(N-1+1)
[+2 [+1

for the numerator and the denominator respectively so that

(N+DN(N =1D..(N—-I+D([I+1) _ [+1
(N+DN(N =1)..(N=1+D)(I+2) [+2°

H = [1/(N - D]

Note that the probability determined by the fourth law agrees with reality (i.e., with our inner belief) as badly
as it does when being determined by the third law.



We conclude here the exposition of the laws of probability and go over to its applications, and we shall
begin with the prior probabilities; that is, with the applications of the first two laws.

3.2. On Mathematical Expectation
3.2.1. We shall now consider a quantity called mathematical expectation. It, as also mathematical
probability, presents itself when we determine the chances of some event, but in practice it is more important
than probability itself because on its basis we form an opinion about what we may expect before some event
takes place.

Suppose that p;, p», ..., p; are the probabilities of incompatible events E;, E, ..., E; and that we expect
that one of them will take place. Assume now that

ay, dz, ..., a; (IV)

are quantities measuring these events (if, for example, the events are some gains then (iv) are their values);
then we shall call the magnitude

a\pr + aap> + ... + a;p;i = Xa;p;
the mathematical expectation of one of these events taking place. We shall simply call this magnitude the
mathematical expectation of quantities (iv).

If we have only one event, Ej, its mathematical expectation will be a;p;. This magnitude indeed represents
what is usually called the mathematical expectation of quantity a;.

We shall now turn to the solution of the following problem: Suppose that we have quantities x, y, z, ... the
first of which can only take one of the values

X1y X2y nvy X5 (v)
the second one, of the values
yla y2,---’yp; (VI)
and the third quantity, only one of the values
Zl’ ZZ’ ey ZV’ CtC,
and assume also that the number of values x;, xo, ..., y1, y2, ..., 21, 22, ..., ... CanN be indefinitely large. Then,
we suppose that p; is the probability that x has value x;; g, is the probability that y has value y,; r, that
z has value z,; etc.
On this basis we shall try to find the probability P that the sum
B N S TS AV S (vil)
is contained between certain boundaries L and M (which, as we shall see below, will not be absolutely
arbitrary).
We denote the mathematical expectations of the quantities x, y, z, ... by a, b, c, ... respectively, so that
a=22unp, b =Xygu c =X, ...
Then, the mathematical expectations of the squares of these quantities will be a;, by, cy, ...:

ai = Tx'py, by = Zyuqu, ¢ = X3/ e

Since, according to our supposition, x certainly ought to take one of the values (v); y, one of the values
(vi), etc, then



p.o=1,2q. =1, 2Zrn,=1..
We shall consider now the sum
S=2x+ W+ 2z +.. —(a@a+b+c +...)]2pxqurv... (viii)

extended over all the values of x, y, z, ... indicated above.
Supposing now that

U=y +2z +.. -b—-c—..
we have
S=Xx—a + U)prqurv...

or

S =X - a)szqprv... + 2200 — a)Upgury... + ZUzp;Lq,urv...

The first term is

2 () — a)szun Xry... = Zxxsz — 2a X x) pp+ azZp;L =aq — a.

Since U does not depend on A, the second term is

22— a)ypp. ZUqury..., 22— a)py = 2Zx pr— 2aX )k = 0.

Finally, the third term is

XpL X Uzqurv... =X Uzqurv...

And so, the sum (viii) is

S =a - a + ZUzqurv...:

a — a + % Dy + 2y +o.. = (b + ¢ + ...)]2 qulty -

It is not difficult to conclude now that

S = (a1 —d) + (b1 —b) + (c1 — A)+...

Supposing now that

(o, + Yy + 2o .. —(a + b + ¢ +..)]/0S} = Vi
where ¢ is an absolutely arbitrary quantity, we have

x Vszq“rv... = 1/7
where the sum is extended over all the indicated values of x, y, z, ...

Decompose now this sum into three such sums that the first one, denoted by X;, will extend over all the
values of these variables for which —o < V < —1; the second, X,, over the values for which

-1 < V<l (ix)

and the third one, X3, will extend over those values for which 1 < V < + o. We shall therefore have



21+ o+ 31 Vipgury... = UE.

Since V? is greater than 1 both in the first and the third sums, and since it is greater than O in the second
one, we obtain, noting that all the terms are positive,

X1+ X + X3 > Xipgulv... + Zapaguly ...
and
Zipaquly ... + Z3paguty ... < /7. (%)
But pygyry ... is the probability of the sum (vii) and the sum of these products extended over all the possible

values of the variables x, y, z, ... is the probability that we will have one of the sums (vii), and this probability
is equal to 1. Thus,

Zipguly ... + Zopaguty ... + Z3pagulv... = L.
Subtracting the inequality (x) we have

Xopaquly... > 1 — /7.

However; the left side is the probability that there exists one of the sums (vii) which only includes the
quantities x, y, z, ... satisfying the inequalities (ix). In other words, this side is the probability P that the sum
(x + y + z +...) takes one of the values imparted to it by the quantities x, y, z, ... leading to values of V
obeying inequalities (ix). We thus have

I>P>1- /A

But the inequalities (ix) provide

by + Yy + 2o —(@ + b+ ¢+ < lyf(a,—a)+ (b, —b*) +..

Supposing now that

L=a+b+c+..- t\/(al—a2)+(b1—b2)+(01—02)+~-

M=a+b+c+.. .+ t\/(al—a2)+(b1—b2)+(cl—cz)+...

we come to the following conclusion: The probability P that the sum (x + y + z + ...)is contained
within the boundaries L and M is determined by the equality

P=1-0r (xi)
where 0 is some positive proper fraction.

3.2.2. Suppose now that the number of the quantities x, y, z,...is n sothat(x + y + z + ...)/n is
their arithmetic mean. On the basis of the preceding exposition we conclude that P is the probability that
the mean is confined within the boundaries

a+b+ct.. t \/(al—a2)+(b1—b2)+(cl—c2)+...

— + R s
n Jn n

atb+ct.. L\/(al—a2)+(b1—b2)+(cl—cz)+...
n Jn n '



Assuming that x, y, z, ... are repetitions of one and the same event, , we willhave a = b = ¢ =..., a;
= b; = ¢; = ... Consequently, we find that the probability P that the inequalities

t ) X+y+z+.. t >
a ——=4a,—a" < — < a+ —=./a,—a
Jn n Jn

take place is determined by the formula (xi).

It is seen now that by choosing ¢ we may bring P arbitrarily close to 1 and that, on the other hand, the
boundaries within which the mean is confined merge at any ¢ and n = o and become equal to a. Thus, if
we take ¢t = n'°/0, then the probability P that the mean is contained within the boundaries

2 113 213
a — a,—a lan"” and a + /a,—a” /on

is expressed by the formula
P=1- o0

Since ¢ is arbitrary, we may assume that o is some constant quantity not depending on n, and we will
have

ImP -0 = 1
where the left side is the probability that
lim[{(x + y + z + ...)/n] =00 = a.

Since this probability is equal to 1, we indeed infer that the limit of the mean of the quantities x, y, z, ...
as their number increases to infinity is a.

Here, we encounter a new concept of limit because we cannot anymore apply to our case the definition of
limit which is usually met with in mathematics. In accord with that definition the limit is such a constant
quantity the difference between which and the variable can be made less than any given magnitude. As a
matter of fact, we cannot here assert this with certainty; we may only say that the probability, that the
difference between the constant and the variable quantity can be made less than any given magnitude, has 1
as its limit and in this instance we attribute to the word /imit its usual meaning. We are now accepting this
new definition of limit according to which we conclude about the limit of some quantity by its probability
having 1 as its limit.

On the grounds of this definition we may state the inferences reached in this section in the form of the
following theorem.

Theorem. The arithmetic mean of a very large number of quantities having the same mathematical
expectations has as its limit this mathematical expectation.

3.2.3. Let us now go over to other corollaries of the results attained in §3.2.1. Especially remarkable is the
case in which all depends on whether or not some event takes place. In this instance we consider x, y, z, ...
as the magnitudes of such events each of which has two forms: it either does not occur; or occurs. Let us
agree to attribute to these magnitudes values equal to O in the first case, and to 1 in the second one, so that

x1=0,%=1y1=0y»=12 =0, 2 =1; etc.
Here, p1, qi1, r1, ...{see above} are the probabilities that the first, the second; the third; ... event does not

occur, and py, g2, 1, ...are the probabilities that these events take place. And, since x, y, z, ... only take
values 0 and 1, it follows that

=0p + Ipy=pyay =0 p + 1>py = po;

a
b OQ1 + 16[2 q2; b] = 026[1 + lqu = g2, etc.



Denoting now p», g2, 12, ... by p, ¢q, r, ... we have
a=a =p,b=>b =¢q,c=c =r, etc

Consequently, we find that the expression (x1) is the probability that the arithmetic mean [(x + y + z +
...]/n] 1is contained within the boundaries

)

prg+r+.. 1 \/(p—p2)+(q—q2)+...
n Jn n
p+qg+r+.. N t \/(p—p2)+(q—q2)+...

n

n Jn

It is not difficult to see that

xX+y+z+.. m

n n

with m being the number of cases in which the event[s] took place, so that, like it happened in §3.2.2, we
conclude that

lim m/n) = [(p + g + r +...]/n].

This equality expresses the following theorem.

Theorem. The limit of the ratio of the number of repetitions of an event to the number of trials is equal to
the arithmetic mean of the probabilities of the events.

This law was discovered by Poisson and represents a generalization of the Bernoulli law which is obtained

from the above under the assumption that p = ¢ = r = ... and which therefore can be expressed by the
equality
lim (m/n) = p.

This equality shows that, given a very large number of trials performed on some event with the probability
of its occurrence remaining the same at each trial, the limit of the ratio of the number of the repetitions of
the event to the number of the trials is equal to the probability of the event.

3.3. On the Repetition of Events

3.3.1. Suppose that n trials are performed on some event E and assume at first that at each definite trial
the probabilities of this event are different ! 5o that pi 1s the probability that the event occurs at the i-th
trial. We shall try now to determine the probability P, , that in these n trials the event took place m
times. Noting that this result can happen in very different ways depending on how the trials in which the
event occurs, and does not occur, follow one another, we shall determine the probability of the event taking
place m times in some definite order and calculate the sum of these probabilities which will indeed be the
probability P, , sought.

Each of the terms of this sum will be composed of the quantities p;, ps, ..., p, in the following way: If
the event E occurs m times in the first m trials, and does not take place anymore, then this will represent
one of the ways in which E can occur m times in n trials.

This instance may be considered as a compound event because it represents a joint occurrence of several
events, i.e., of the event taking place at the first; at the second; ...; at the m-th trial; and not occurring at the
(m + 1)-th; ...; at the n-th trial. Therefore, the probability of this combination will be expressed as

Pip2 .. Pm (1 - pm+1) (1 - pm+2) (1 - pn)-



The probabilities of the other combinations will be found in this way {as well}, and the sum of the
probabilities of all the different combinations whose number is C,” will indeed represent, as stated above,
the probability sought, P,, ,.

It is not difficult to see now that P, , is the coefficient of ™ in the expansion

it + 1= p)(pat + 1= p2) oo (put + 1 = p) = EPy s 1",

This method of determining probability as the coefficient in some expansion was proposed by Laplace % and
the function whose expansion determines the magnitudes P, i is called the fonction génératrice.

For the case in which the event has one and the same probability p of taking place in all the trials p; =
p2 = ... = p,=p; consequently, the generating function will become (pt + 1 — p)" so that

Pm,n = Cnmpm (1 - P)nm

Noting that the multiplier p™ (1 — p)"™ represents here the probability that the event E occurs m times
in n trials in some definite order, and that the other factor is the number of such orders, we could have also
directly determined the probability P,, , in this particular case.

Note 1. { A careless phrase. }
Note 2. {Simpson and Lagrange preceded Laplace.}

3.3.2. We shall now determine the probability P, , by a third method which will indicate a widely
spread and in many cases useful trick for deriving probabilities. The trick {the method} consists in working
out and integrating an equation in finite differences which the probability sought should satisfy.

For making up such an equation in the case under consideration, we note that the event E can only be
repeated m times in n trials in two ways: either taking place at the n-th trial, or not. In the first case, the
magnitude sought becomes P, ,-1 which is the probability that the event will be repeated (m — 1) times
in the first (n — 1) trials; in the second instance, it becomes P,_; », i.e., the probability that the event takes
place m timesinthe (n — 1) trials. 1

Supposing now that the probability of E is constant in each trial, we shall find that the probability of the
first assumption is p, whereas the probability of the second, exactly contrary one, is (1 — p). We thus have
the equation

Pn,m: an—l,m—l + (1 - p)Pn—l,m-

It includes two independent variables, n and m, and does not therefore belong to those considered in
Chapter 2. In general, the integration of such equations presents serious difficulties, but this one can be
integrated by means of generating functions. We shall indeed do this now, but at first we note the following.
When integrating any equation, there appear arbitrary constants whose determination in each particular case
is sometimes very troublesome. In the theory of probability, this determination does not present any
difficulties because some particular cases cannot take place in virtue of the point of matter itself. Thus, in the
expression P, ,, m cannot exceed n, sothat P, , = 0 at m > n because such an event is impossible.
For the same reason P, ,, = 0 and P, , = 0 { ? }; again, P, , = O for negative values of m or n.

Incidentally, this fact shows that in probability theory it is not necessary to consider whether some
hypothesis is possible or not: its impossibility will lead to the vanishing of its probability and the final result
will have such a form as though we had only regarded possible hypotheses.

After these remarks we shall go over to the integration of our equation. Multiplying it by ™ where 7 is
an arbitrary quantity we have

Pn,mtm = Pn—l,m—lptm + Pn—l,m(1 - P)tm

Summing both sides of this equality over all possible values of m, i.e., from 0 to n inclusive, we obtain 2

n+l n+l n+l

> Punt" =) Puawmapt™ + Y Puam( - pit™ (xii)
m=0 m=0 m=0



Supposing now that

A+1

U, = z Pn,mtm
m=o

we obtain ® U, for the left side of (xii). The first term on the right side will be

n+l n

ptz Pn—l,m—ll‘m_1 = ptz Pn_l’mtm =

m=0 m=1

Pt [Pn—l,—l t_l + Z Pn—l,mt m]
m=0

But, as we saw, P, _; _; = 0 so that this term equals
ptU,_;. Then, the second term on the right side is

(1—P)[z Pn—l,mtm + Pn—l,ntn] = (1 —P) z Pn—l,mtm
m=0

m=0

because P,.;,, = 0. Therefore the second term is equal to
(1 — p)U,-1 and our equation becomes

U, = ptU,_; + (1 — p)U,_,.
We have thus the following linear equation
U,-—(pt +1-pU, =0
whose integral is, as it is not difficult to see,
U, =C(t+1-p). (xiii)
Here, C is an arbitrary constant which we shall determine. Note that
U =Cpt + 1 -p)

which follows from the equation (xiii) and that, at the same time,

2
U, = Z Pl,mtm = Pl,ol‘o + Pl,ll‘.

m=0

But P; is the probability that the event does not take place in one trial, and P;j, the probability that it
occurs, so that

Plﬁozl—p,Pl’l :pandC:l.

And so, we have the formula

n+l

> Pumt" =@t +1-p) 1)
m=0

Here, ¢ is absolutely arbitrary. The coefficients of the same powers of ¢ in both sides of the equality should
be equal; expanding the right side in accord with the Newton binomial, we have



Pn,m = Cnm Pm (1 - p)nfm (2)

Note that at the limiting cases of m = 0 and m = n this expression should not be considered literally:
in these instances the coefficient, as it follows from the expansion, ought to be considered equal to 1, so
that P,o =1 - p, P,, = p".

Note 1. {Chebyshev thus changed the notation of §3.3.1. Moreover, even there he wrote either P, , or
P,.» but I had then standardized this.}

Note 2. {Chebyshev did not pay due attention to the boundaries of the sums below; he apparently acted in
the spirit of his own remarks formulated just above. }

Note 3. We take the quantity pt out of the sign of summation because it does not depend on the variable
m with respect to which the summation is carried out. Indeed, p is constant whereas ¢ is an arbitrary
quantity which we also assume independent from m.

3.3.3. Let us derive now the Bernoulli law by issuing from equation (1). Differentiating it with respect to ¢
we find that

n+l

> mPywt™ =n(pt+1-p)p,

m=0
n+l

> mn = D" = =0 = Dt + 1= )7

m=0

Assume now that in equation (1) and in these two equations ¢ = 1. We obtain

n+l n+l

Z Pn,m: la Z mPn,m:npa

m=0 m=0

n+l

z m(m — 1)P, py=nn — 1)p2=n2p2—np2.
m=0

From the last two equations we find that

n+l

z mZPn,m= ”2172 + n(l —P)P

m=0
and therefore
n+l n+l n+l

Z (m —np)* Py = Z m* Py — 2pnz mPp ., +
m=0

m=0 m=0
» 2n+1
Pnz Pn,m=”(1—P)P

m=0

and

2
n+l m—np 1
Pn,m B = —
Z (s\/na— p)p] s’

where s is an arbitrary number. Hence

2
M+l v+l n+l m—np 1
+ + Pn,m — Y | = 5.
[Z Z Z) [an(l—p)pJ s®



Denote the fraction in brackets by A and assume that
0 <A<-1lfor0<m<up+1,

-l<A<lforp+1<m<v+1l,
l<A<+oforv+1<m<n+1,

then

u+l n+l 1
(Z+ > ] Pom < e

m=0  m=v+l

(xiv)

But we have

v+l n+l

(”z“+z+szn,m=1

m=0 m=p+l  m=v+l
so that, taking into account the inequality (xiv),

v+l 1

> P"’m>1_s_2'

m=p+1
The left side of this inequality is the probability that in »n trials the number of repetitions of the event is
contained within the boundaries (u + 1) and [v + 1); or, the probability that

-1 < —/—/m < 1.
syn(l=p)p

Denoting it by II we obtain

1

1>H>1——2.
S

The inequality (3) provides

pn— s p(l—pn < m < pn + s/ p(l—p)n

so that

p - (s/\/n) Jpd=p) <m/h < p + (s/\/n) AJpd=p).

= o and become p whereas

It is seen now that the boundaries within which m/n is contained merge at n
the probability that m/n is contained within them is represented by the formula

I=1- 0/
where 0 is a proper fraction and s, an arbitrary number. It is seen that this probability may be made arbitrarily
close to 1, and we conclude that

lim (m/n) 4= = p.

In this case, the limit has that special meaning which we discussed in §3.2.2. We thus arrived at the

Bernoulli law. Our derivation was based on the value of the sum



n+l n+l

Z (m — np)* Py = Z Cp" (1 — p)"™™(m — np)~.

m=0 m=0
Note that that sum can also be determined otherwise. Suppose that in equation (1) ¢ = ¢" and multiply both
its sides by ¢ " to obtain

n+l

Z ea (m-np) Pn,m — [p e(x(l—p) + e—(xp (1 . p)]n.

m=0

However,

e =1+ (/1) + (2 +...

and

U = 1 4 (/1Y) (m — np) + (21) (m — np) + ...
0P = 1w (1) = p) + @2) (A - p) +....
e? =1 - (W1)p + (20 p* — ...

Consequently,

n+l n+l n+l

> Pum+ 0 Puw(m—np)+ ©42)Y Puw(m - npf +..=
m=0 m=0 m=0

{lp+ @WI)pd =p)+ @R2Hpd -=p* +...] +
[ -p) - @I)pd —p)+ @2Hp° (1 - p) —..1})" =
(1 + @2)pd - p) +..I"-

Therefore

1 n+l

Pn,m=1’ Pn,m(m_np)=0a

=
T

3 3
- o
3
Il
S

+

Pym (m - np)2 =pd -pn, ...

[=)

3

3.3.4. Let us now go over to another problem. We shall try to determine the most probable number of
repetitions of an event in a definite number of trials. The problem is reduced to the derivation of the value of m
at which P, , becomes maximal for given values of n and p.

Let p be the sought value of m. For P,, tobe maximal, conditions
Puy1 < Puy, Ppys1 < Py, are necessary. We have however

Pn,;,l—l = Cnp_l Pp_l (1 - P)n_“H, Pn,;,l = C‘npl P” (1 - P)n_p,

Pn,p+1 Cnp+1 p;,l+l (1 _ p)n—p—l

and our conditions become

It follows that

I-pp<pm-p+1),pa-pw=<U-pME+1,
u<pm+1),pm+1 -1<nu.



We ought to consider now two cases: either p (n + 1) is a fraction or an integer. In the first instance
equalities are impossible. Issuing then from the inequalities

pn+1)—-1l<u<pm+1)
we obtain

u=E[pn+ D] (xv)

In the second case

u<pm+1,u>pr+1)-1L, u=2pm+1,u<phn+1)
so that we get two solutions

m=pr+1) -1 mw=pr+l)
and the corresponding values of P,, will both be maximal. Note that if n, m and (n — m) are very large
numbers, we may approximately assume np as the value imparting the maximal value to P, . In the sequel,

we shall therefore assume P, ,, as the maximal value of P,,.

3.3.5. Applying the Stirling formula we can write the following approximate equality

x' — I27[ xx+1/26—x

so that
n+l/2 —-n__m _ n—-m
p, = Jam e p A= p)

2mm+l/267m(n _m)nferl/Zef(nfm) :

After reductions, we will have

P= |—"
' 27m(n — m)
P _ n nnpm(l _ p)l’l*m _
o 2an(n—m) m"(n—m)"™"
_on (@j [Mj @
2am(n—m) \ m n—m .

For the maximal value we have approximately m = np, n — m = (1 — p)n so that this value will
be

1
P, = . 5
v 2rpd-pn )

Issuing from (4), let us find now the most probable number m. Since this formula represents an
approximate expression for P, , for very large values
of n, m and (n — m), and since we neglect proper fractions as compared with these numbers, we may
consider m as a quantity changing continuously and, consequently, as being able to take fractional values.
Indeed, supposing that m has some very large integral value, and adding to it any proper fraction and
calculating the probability P, ,, by formula (4) for both cases, we will obtain results very little differing from
each other if only m differs from np by a finite magnitude or by an infinite magnitude of an order lower than

1 with respect to n.



Accordingly, when determining the most probable number m which makes P, , maximal, we may act in
accord with the rules of the differential calculus. From equation (4) we have

InP,,, = {(/2)nn — (1/2)In 2n) — (1/2)Inm — (1/2)In (n — m) +
mlnnp — mIlnm + (n — m)In[n(1 — p)] — (n — m)In(n — m)

so that

1/ Py ) APy ldm = —(12m) + 1/[2(n — m)] + Innp — Inm—- 1 —
Infn(l —p)] + In(n — m) +1.

In order to determine the most probable m we thus obtain the equation

L S W (6)

2m(n —m) n—m I-p

It cannot be solved exactly and we will therefore solve it approximately, especially because the strict solution
is not here important for us: the equation (4) itself can only provide an approximate value of m.

Noting that for very large n, m and (n — m) of the same order, the magnitude (n — 2m)/[m (n — m)]
becomes very small (because its numerator is of the first order and its denominator, of the second order with
respect to these numbers), we may neglect this fraction in the first approximation and obtain

In[m/(n —m)] = In[p/(1 — p)], m = np.
It is seen now that in the first approximation we arrived at the same magnitude as before {cf. (xv)}
m=E[pn+ 1)] =np + 0

where 0 is a proper positive or negative fraction.

For the second approximation we shall substitute in equation (6), in its first term on the right side, the just
obtained value of m instead of that letter. This will provide the equation

B S P S W
2np(1-p)n n—m I-p

or

=20 P

2p(-p)n n—m I-p

so that

1-2p 1-2p
m=mnpexp[-———1:{[1 —-p + pexp[- ———7—
2p(1-p)n 2p(1-p)n

2p(1-p)n

1} =
np{p + (1 — p) exp[

Neglecting the higher powers of the expression (1 — 2p)/[p (1 — p) n] beginning with its square, we may
substitute



exp[—-——F—1=1+
2p(1-p)n 2p(1-p)n
so that
m = np/[l + i] =npl/[l + _—21’—1
2p(1-p)n 2p(1-p)n

and approximately
m = np — (1 = 2p)/2.

3.3.6. Issuing now from formula (4), we shall search for the probability that, for very large values of n, m
will very little differ from np. Suppose that

m = np + z @)

We derived formula (4) under the assumption that m, n and (n — m) were very large numbers, and we
ought to apply it under the same condition concerning z as well if the last quantity is considered separately
and by itself. However, z can be very small as compared with n. We shall suppose that it has the same order
as Vn, then it will indeed possess the properties indicated above.

Applying expression (7), we have

\/27rm(n—m) = \/27z(np+z)(n—np—z) =
V27’ [p+(/mIll- p—(z/n)].

Neglecting a very small magnitude z/n, we obtain

Rxmm—m) = 2zrn’p(1-Dp)

so that

_n  _ o
2xmn-m) \2zxpd-p)n’

We then have

(Qjm _ (ijmﬁz _ (;jnp+z
m np+z [1+(z/np)]

and

In [QJ =—(mp + 2)In[l + (Znp)] =

m
—(np + 2) [(/np) — (z2/2n2p2) + (z3/3n3p3) - ...]=
—z + (Z2np) — (FInp) — (1B3nPY) + 12n*pY) + ...

However, the term (z°/n’p”) and the following ones are very small magnitudes because, assuming that z =
a\/n, we have



Iz iz

n a” | p*!
)/l—l n/l—l n[(ulz)—ll

Z
(np

It is seen now that for u > 2 the first fraction in the left side is a very small magnitude (at u = 2 itis
finite). Therefore, neglecting these small terms, we get

In (@] = —z — (Z2np).
m

Acting in the same way with the other multiplier in formula (4) we obtain it in the form

1

1— < n(l=p)-z ’
{ n(l—p)}

The logarithm of that multiplier will be

“nd =p) =z [l - —= =
n (1= p) = Al ]
1 z’ _
[n(1 - p) - z][n(l_p) + PR ] =
Z’ & 7’

+ - - ——
2n(1-p) n(l-p) 2n(1-p)

and therefore

In { (mj (”(1 ")j ) = — @np) — [22n(1 = p)] =

n—-m
— [Z12p (1 = p)n] (®)
and
(@jm(n(l—p)j”’“ Sep [ | = e (-
m n—m 2p(1-p)n 2p(1-p)n
so that
P, = 1 (m—np) 1

Frra—pn P,

We shall now search for the probability that z is contained within some boundaries which is tantamount to
determining the similar probability concerning m. Calling these boundaries L and M, denoting the
probability sought by I and supposing that m increases to the upper boundary not inclusively, we obtain

II = Pyr + Pyrv1 + Ppro + .0 + Py

so that

(m—np)’
H_ - - .
Z Jzzrp(l o Py




However, we have in general
> V= Vix - (12)V + AydVidx + Ay d V/dx®

In the case under consideration this will assume the form

z (m—np)2 } =
\/27fp(1 pIn L C2p(-pin
J' iﬂz}dm _ 1
w/27Zp(1 p)n 2p(1-p)n N2 p(l=p)n
_ (m=np)’ —np M
exp [ P 11(172) + Al—( o T b

But, for very large values of n, the quantities

1 m—np ( m—np T
2rp-pyn’ pa=pn’ \ p(-ppn)’
are very small whereas

(m—np)’

2p(I-p)n G

exp {—

is always finite as also is the product of its integral by

1
2z pd-pin’

see below. Therefore, neglecting the terms consisting of the product of the indicated magnitudes by (xvi) we
have

M . 2
m = ! [ exp (- 2Dy,
L

2 p(-p)n 2p(1-p)n
Substituting now

m—np

V2p(I=p)n

we obtain

I = (1n) j exp (— 1) dt )

Iy
where

B L—np _ M-np

—’t -
L2p=pn ' 2pd-p)n



so that

L=mnp+ te{2p(l=p)n, M= np + 1 2p(1-p)n.

And so, the probability that m is contained within L and M is determined by the formula (9). Especially
remarkable is the case in which

to = —u, t; = u. Then

II = % }":‘ exp (- tz) dt 10)

is the probability that m is contained within the boundaries
np — u2p(I—p)n and np + u2p(—-p)n
or that [(m/n) — p] is contained within

—u~2p(=p)/n and u2p(-p)/n

We have however

=

J- exp (— tz) dr = \n/2

0

and therefore the left side of formula (10) tends to 1 as n increases to infinity. Nevertheless, for any u the

boundaries, within which [(m/n) — p] is contained, draw together as n increases and vanish {coincide} at n
= oo. We conclude therefore, as we did before, that

lim (m/n) = p.

3.3.7. We shall now calculate the integral

1 :j- exp (—tz) dt
0

50 as to show how rapidly its values approaches Va/2 as u increases. We have
exp(—7) =1 — /1) + 720 — ...

so that

[ =u— u/(13) + u/(12°5) — u'/(12°37) + u’/(1:2:3:49) —... (11)

We have thus expressed this integral by a series very rapidly converging at a small u# and therefore very
convenient for calculations under this condition. However, the case in which u is large is especially important

for us whereas this series then converges very slowly and we ought therefore to turn to another method of
calculating the integral (11). We note that

u

o =

J‘ exp (— tz) dt = J exp (— tz) dt — J‘ exp (— tz) dt =

0 0 u



=

N2 — J‘ exp (— tz) dt

u

so that

m=1- -2 T exp (— 1) dt (12)

Vz o,

and we shall now indeed turn to calculating the integral

Df exp (- 1) dt. (xvii)

u

It is equal to

—(1/2)T Drexp (A di (1) = [exp(-A /i +
u

Df —(12)t 2 exp (- ) dt = [exp (—u®) [2u] — (1/2)T t 2 exp (- ) dt

u

and

=

tZexp(-f)dt = (112) - [ —2eexp(-f)drt™ =

u

S =38

{lexp (=) /2] f3}: — (312 T tYexp (- dr =

[exp (—u®)2u’] — (3/2) Df tYexp (1) dr.

Consequently integral (xvii) equals

[exp (—u?) 2 u] — [exp (—u?) 2% u’] + (3/22)T t*exp (- ) dr.

Since u and the integrals as well are here positive quantities, we conclude that

[exp (—u?)/2u] > T exp (—5) dt > [exp (—u?)/2u] -
[exp (—u®) /2% ' (xviii)

and we can therefore arrive at

Djo exp (— ) dr= 0 [exp (—u”) /2 u]

u
where 0 is some proper fraction. And so,

=1 - 0A~n) [exp (—ud) ul.



Issuing from the inequalities (xiii) we can also obtain a more precise formula because it follows from them
that

=

[ exp(-Fydr = [exp (~u)2ul - O[exp (—u?) /2%’).
This expression provides
I =1- (1A [exp (—ud)ul[1 — 07247

We see now that the probability sought very rapidly approaches 1 as u increases.

3.3.8. We shall now determine that limiting series by whose means the integral (xvii) can be expressed.
Integrating by parts, we get

—2n-l 2n+1

exp (- uz) -

j t 2 exp () dr= 2 j t " exp (- 1) dt.

We arrive therefore consecutively at

=

j exp (=) dt = (u'/2) exp (- u®) — (1/2)? 12 exp (- 1) dr,

u

t2exp (- ) dt = W12) exp (—u?) — (3/2) j t~*exp (- ) dt,

S 3 = —3

t~texp (=) dt = W12) exp (- u?) — (5/2)? t Cexp (- 1) dr

and

=

[ exp-ydi= @'2)expu) — /2 exp (- i) +

u

(1-3/2%) (™12 exp (= u®) — [(1:3°5) /23]T t Cexp (- 1) dt.

We may now conclude by analogy that

=

[ exp-Aydr= '12)exp —u) — @2 exp (- i) +

(1u'3/23)(u_5/23) exp (—u?) — (1352w 12 exp () + ... +
“D"[135...2n — D/2"NMu*exp (—u®) + ... (13)

Let us substantiate this formula. Substituting
Vas1 = [1°35 ... 2n — 1) /2"yt exp (- u?)

and denoting by R,:; the remainder of the series (13) beginning with the term following after v,,;, we arrive
at



Rui = —(=1D"[1'35...2n — D) 2n + 1)/2"" T 12" exp (- 1) dr
—(=DM135...2n + D2 u ™ exp (- ud) +

D" [135...2n + 1) @2n + 3)/ 2" T " exp (- ) dr =

V2 + Ry, ”

This indeed justifies the series (13).

3.3.9. Until now, we determined the probability of some number of repetitions of an event in a certain
number of trials given the probability of the event occurring in one trial. Now we go over to the solution of the
inverse problem: Knowing that in a certain number of trials an event occurred some number of times, we will
determine the (posterior) probability that it takes place in one trial. More precisely, we will derive the most
probable boundaries within which this probability ought to be contained. We shall have to assume that all the
hypotheses that can be made concerning this probability are equally probable.

Suppose that the number of these hypotheses is N and that the probabilities that the event occurs in one
trial are O/N, 1/N, 2/N, ..., AIN, ... (N — 1)/N respectively. In this case we have P; = P, = ... = Py
= 1/N. Denoting the recorded number of the repetitions of the event in n trials by m we obtain

po= G WN"[1 - WN)]"
In accord with Theorem 3 we have now, for the probability that the event took place under hypothesis A,

AIN
0 = L7 =

ipxl/N
=0

WN)"[1 = W) (UUN) =), WN)"[1 = (WN)] "™ (1/N).

N
A=0

Denoting the sought probability that the event occurs in one trial by p, we shall search for the probability S
that p is contained within the boundaries
Po = WN and p; = pui/N. Since

we arrive at

H
S=, WN"[1 - WN)]""(UN) +

A=Hy

WN)"[1 = (WN)] " (1/N).

A=0
(14)

The most remarkable is the case in which p, can assume all possible values. We shall indeed go over to this
instance by assuming that N = o. The equation (14) will accordingly become

Py

1
S = j X1 = )" dx = j X" (1 = x)"™" dx. (15)
Po 0

For example, let us assume that an event occurred once in three trials, and we shall search for the probability
that p is contained within the boundaries 0 and 1/2. In this case we obtain



1/2

1
S = j x(1 —x)zdx+j x(1 — x)*dx = 11/16.
0

0

And so, the probability sought is 11/16. It was possible to foresee that it will be higher than 1/2.
Formula (15) can be modified. To this aim, note that

[ #7a - 0 de = TWT@ =T A + ),

0

but for integer values of A and u we have
' =0-1DL I'w=@-1D!

so that

1

j (1 - x)"™"dx = I'm+)I'(n-m+1) _ m!(n—m)!.

0 [(n+2) (n+1)!

Equality (15) can therefore be presented in the following form

§ =+t j (1 — x)"™ dx. (16)

'(n—m)!
m!(n—m)! o

3.3.10. We shall now suppose that the difference (p; — p,) is a very small given magnitude and we shall

search, under this condition, where should we choose this interval so that the probability S be maximal.
Denoting

(p] - po) = 20, (p] + Po)/2 =p
with ® assumed to be very small, we obtain

pr=p+ 0 po=p—- 0,

p+o 1
S = j K1 = x)"™ dx +j (1= x)"" dx.
p—w 0

Note now that if [AB] is some mean value of A and B, then, in general,

[ fodx = B - A)f(AB)).

Again, since [p — ®; p + o]

p £ 6 ® where 0 is some proper fraction, we obtain

1
S=20p £ 600)"(1 - p F00)"" +[ (1 - 9" dx

0

so that



1

(120)S = (p = 00)" (1 — p F 6w)"™ +f X" (1 = x)"™ dx.

0

Going over to the limit as ® = 0, we have

1

lim [(1/2(0) S](D=0 = pm(l _ p) n-m _J. xm (1 _ x)n—mdx.

0
Let us find now the maximal value of this expression. We will have the equation
mp"t (1= p)"" = —mp" (1 -p" =0
which can be reduced to
m-npp™'@d-p" =0

It has roots 0, 1 and m/n. the first two of them transform the expression
p™ (1 — p)™™ into zero; and, since it is positive for any p, the root m/n will make it maximal so that the

expression
[(12m) S]

will also become maximal.
And so, the most probable boundaries of the probability sought are

Po = m/n — ®; pp = m/n + .

3.3.11. We shall now search for the probability that p is contained within the boundaries p, and p; very
little differing from m/n. Let

Po = m/n + Z, and p; = m/n + 7

where 7z, and z; are so small positive or negative quantities that their squares may be neglected. And we will
assume that m, n and (n — m) are very large numbers. Applying the Stirling theorem we obtain

n! — Izﬂ. nl’l+1/ze—l’l, m! — '2” mm+l/26—m’
(n _ m)! — '2” (n _ m) n—m+l/26—n+m.

Consequently, formula (16) provides

n+l/2 Py
n(n+1) [ ra - oa

Po

S = (1/4271)
m

m+1/2 (n _ m)n—m+l/2

Noting now that (n + 1) = n [l + (1/n)] and neglecting the very small quantity 1/n, we obtain

n+3/2 P
n 1

m+l/2(n _ m)n—m+l/2 J.

Po

X" (1 — x)"™™ dx.

S = (1/4271)
m

Set x = [(m/n) + z], then

3/2 2
n

A 27T m(n—m) '[

S = [1 + (nz2ym]™ {1 = [(n2)/(n — m)]}"™" dz.



But we have

In((1 + (2m) " {1 = [(2)n — m])"™ = m 22 - 25 4 ] -
m 2m
1/2)ﬂ +...] =
+ ( (i)’ ] =
2.2 2.2 3.2
—ay B ap) 22 L=t
(172) ( )n—m " 2m(n—m)

Therefore, neglecting terms with higher powers of z, we obtain

1/27rm(n n) '[ 2m(n n)

Denoting

] dz.

n322 — 42
2m(n—m)

we transform this expression to
= (1) j exp (- £) dt 17)
where

3/2 3/2
n n

A 2m (n—m) o 1= A 2m (n—m) o

And so, the probability that p is contained within the boundaries

ty =

(M) + toy2m(n—m)/n’ , (mm) + ty2m(n—m)/n’

will be determined by the formula (17). If ¢, = —u, t; = u, this formula becomes
= @Nm [ exp(-ra. (18)
0

When u is somewhat considerable (for example, larger than 2), the value of the integral will be very close
to (Va/2) and the probability will therefore be very close to 1. But, on the other hand, for very large values of
n the boundaries within which p is contained will be very close to each other and very little differ from m/n;
we may therefore say that at n = oo the limit of p is m/n.

3.3.12. We are now going over to the solution of a new problem concerning the repetition of events. Suppose
that in n trials an event occurred m times. It is required to form a conclusion about the probability that in &
{further} trials it will take place [ times. The solution of this problem is based on Theorem 4.

Suppose that the probability p that the event occurs in one trial can only take values O/N, 1/N, 2/N, ...,
MN, ..., (N — 1)/N indeed representimg the different hypotheses under which the studied event can occur. We
assume now that all these hypotheses have equal probabilities (an assumption for which there are no grounds)



and since their number is N with one of them certainly taking place, the probability of each will be 1/N. And
so, P, =
P] = ... = PN_1 = 1/N and

po= G WN)" 1 — WNI"™ g = CCUN) ' [1 = (WN)

Therefore, denoting the probability sought by H;; we have

N N
Hi = (IN) Y. prgn = (UIN) Y, pr=
A=0 A=0

WML = WN"T" =

N
A=0

N
Cklz (MN) m+l [1 _ (MN)] n—-m-+k—1 =~
=0
1 1
j A= xR e - j X1 — x)""dx (19)
0 0
if p can take all possible values from O to 1 for which we should assume that N = oo.
As an example, we shall solve such a problem. In » trials an event occurred all the time; to find the

probability that it will take place at the (n + 1)-th trial as well. In this case, we should assume that m =
n, k =1 =1 sothat

Hy = J- Kax = J- X'dx = (m + DI(m + 2).

0 0

Formula (19) can be modified when noting that
1

[ Y70 -0 dx =TT @/TO+ )

0

and that, for an integer n, I' (n) = (n — 1)!. We therefore obtain

xm+l(1 . x)n—m+k—ldx — (m+l)’(n—m+k—l)'
(n+k+1)!

m!(n—m)!

m 1 _ l’l-l’l’ld -
{0 (n+1)!

and consequently

Hy, = k!(m+l)!(n—m+k—l)!(n+1)!. (20)
Nk—=D!'(n+k+1)!m!(n—m)!

3.3.13. We shall now find the value of / which makes the probability H;; maximal. Calling this value A,
we ought to have

Hyy) > Hyy1 and Hy) > Hpp. or

Hi)n/Hijp1 = 1 and Hy)/Hiper = 1. (21)

If one of these conditions were satisfied by an equality sign, we would have obtained two values for /: A
and (A + 1) or (A — 1) and A. Applying formula (20) we get

Hy, _ m-Dk-A-1) Hy, _ A+Dn-m+k-2)

H, ,, An—-m+k—-A+1)" H, ,, (m+A+1) (k= Q)




and the conditions (21) will become

m+MNk-A+1)>A(n-m+k—-A+ 1),
A+1Dmn-m+k-2N>m+r+ 1)k -2n

so that

A<m((k+ 1)/n, A > m(k + 1)/n] - 1.

Consequently, if

[m (k + 1)/n] (xix)
is a fraction, we arrive at a single solution 1

A =E[m®k + 1)/n]
If, however, (xix) is an integer, we obtain two solutions

M=[mek+ 1)/n], ., = [mk + 1)/n] — 1.

It is seen now that in general

A= (mh)k + (mmn) — 0 = (m/m)k = 6,

where 0 and 0, are proper fractions. Assuming that m, n and k are very large numbers we may therefore
say that to within 1 the most probable number of the repetitions of the event is mk/n.

3.3.14. We shall now assume that m, n, k and [, (n — m) and (k — [) are very large numbers. Under this
assumption we shall find the probability Hy ) of the most probable number of repetitions of an event in k trials
given the number m of its occurrences in n trials. To this aim we shall apply the formula (20) which we
transform by the Stirling formula

x! = J2mxxte.

We have {Chebyshev writes out this formula for k!, (m + 1)!,
m-m+k-0D,m+ DI, k=D, n+ k+ 1), m and (n — m)!}. Therefore

2rlk—D(n+k)ymn—m) n+k+1
kk(m+l)m+l(n_m+k_l)n—m+k—lnn
ll(k_l)k—l(n+k)n+kmm(n_m)n—m :

_ \/ nm+D(n—-m+k—-0Dn n+1

Notingthat k = [ + (k — I) and n = m + (n — m), and that n and k are very large, so that instead of
(n + D/(n + kK + 1) we may take n/(n + k), we have

b~ [ P mEDk(-mtk=D (m+ljm+l.
TNl k=D (k)P mn—m) \n+k

T D) GG
At I (A _ . (xx)
n+k l k-1 m n—m




In this formula, we may attribute to / not only integer, but fractional values as well. Therefore, substituting
the most probable number mk/n determined above instead of /, we will indeed obtain Hjy;, the probability

sought. But we have

o (CT |

n+k n+k n
—m+k—A —m+k—mk / - k)/
n-m+k—-A\"" _(n—-m+k—mk/n o "_ n—m T
n+k n+k n ’

E ﬂ_ k mk/n_ i mk/n k k*ﬂ_ k k—mk /n ~

A) \mkin) — \m) T \k=-2)  \k-mk/n B
(n—m)k/n

n

n—mj '

Therefore,

o = n*(m+mk/n)k (n—m+k—mk/n)
o 27 (m/n)k (k—mk/n)(n+k)’m(n—m)

n3
\/Z;zk(n+k)m(n—m)'

The numerator of this expression is of degree 3/2 with respect to the letters n, k, m and [, and the
denominator, of degree 2. It follows that for very large values of these magnitudes the considered probability

is very low.

3.3.15. We shall now search for the probability that / very little differs from A = mk/n. Let | = mk/n +
z where z is assumed very small as compared with numbers m, n, k and A so that it can be neglected with

regard to them. Denote also m/n = p, k/n = v, then
m=mnp,l =pnv+zn-m=n(l-p),k-101=nv(l-p) -z
m+Il=np(l+v)V+zn+k=nd+v),n-m+=&k-1=
n(l+vd-p -z

Therefore {cf. (xx)}

nwm+Dkn—m+k—1)

27l (k=D (n+k)’m(n—m)
\/ vinp (1+v)+z][n(1+v) (1- p)— 7]

27 (npv+2)[nv(1-p)—zlp(1-p)(1+Vv)’n’

Noting now that z is very small as compared with n, we may neglect it in the multipliers under the radical
sign of this expression. Accordingly, after reductions the expression will become

1
2rvpd-pyn(d+v)

Denoting the other multiplier in the expression for Hy; by K we obtain

Hk’[ = ! K,
J2zv p(1-pyn(1+v)




pnv+z nv(l-p)-z np(1+v)+z
K = nv nv (np(d+Vv)+z )
pnv+z nv(l—-p)—z n(l+v)

n (1—p)(1+V)— z n(l-p)(1+v)-z 1 ~ 1 npv+z .
n(1+v) P (1= p)" = p+z/nv

nv(l-p)-z np(l+v)+z
1 Z
l—p—z/nvj ( n(1+v)j

n(1-p) (14v)—z
Z ] 1

n(1+v) P = p)
pnp(1+v)+z{1 +7z /[np (1+)] }np(1+v)+z .
pnp (1 _ p)n(l—p)pnpv+z {1 + [Z/an] }npv+z
(1= p)" " (1= [z (1= p)A+ V)]
(1= p)" " 1= [2/n(1= p]) 7

And so,
K = {1+[z/npA+WV)]}P" 1= [z/ n(1— p)A +v)]}" 7=
{1+[z/npv1}"™ = {1-[z/n(1- pv]}" "= '
But then

In [denominator] = (npv + z) {[z/npv] — [z2/2n2p2v2] +...} +

(n(1 = p)v — 2] {[n(1 = p)v] = [&2n*(1 = p)V'] —...} =
2 + 22 [ npv) — (12npv) +...] — z +
Z/nd —p)vl — U2n (A =p)vl} +... = Z/[2n (1 —p)vpl.

In the same way
In [numerator] = zz/[Zn 1 +v)ypd - pl

Therefore, neglecting the other terms which are very small when the order of z is not higher than \n, we
arrive at

K = exp|— Z
P 2nv(1+v)p(1-p)

and, consequently,

ZZ
2nv(1+v)p(1-p)

Hy; = exp (— J+ \/2frnv(1+v)p(1—p).

The probability that [ is contained within the known boundaries L and M (denoted by II) will be
expressed through the sum of the values of Hj;extended between these boundaries. Acting in the same way as
we did in §3.3.6, we will find that this sum can be replaced by an integral (given the degree of precision with
which we make all our calculations). Thus, we obtain

M
IT =J- Hy; dz.
L

Substituting now



[Z/2nv(1+V)p(—p) ] = ([l = (mk/m)] /\2nv(1+V)p(l-p) } = u

we shall have

I = (1n) j exp (— u”) du (22)
where
o = [L — (mk/n)] + \2nv(1+v)p(1-p),

ur = [M — (mk/n)] = 2nv(1+v)p(1-p).

Consequently, substituting the values of v and p, we get

L = (midh) + uo\/2m(n—m)3k(n+k) ,
n
M = (mk/n) + ul\/2m(n—m)3k(n+k) .
n
The most remarkable case is the one in which u, = —¢ and u; = t. Then, denoting

3 - ’
n

\/2m(n—m)k(n+k) B

we have
L = (mk/m) — tc, M = (mk/n) + tc

and
1 = 2Nn) j exp (- £) dt. (23)

For a somewhat considerable ¢ the right side of (23) differs little from 1 so that it is very probable that [ is
contained within the boundaries

3

2m(n—m)k (n+k) (mi/n) — t\/2m(n—m)k(n+k)
3 > N .

(mk/n) + t\/

n

This conclusion can be expressed in the form of the following theorem:
Theorem. Formula (23) determines the probability of the existence of the inequalities

(m/m) — t\/(Zm/n)[l—(m/n)][(l/n)+(1/k)] < lk <
(m/n) + t\/(2m/n)[1—(m/n)][(l/n)+(1/k)]. 24)

Issuing from here, we can arrive at the results already reached before and contained in (24) as particular
cases. Assuming that n = oo and noting that lim (m/n) = p, we find that

- w—Zp(;—p) <lk<p+ t1/—2p(}€_p) ,



We thus obtain the result achieved in §3.3.6. Supposing that k = oo we will find that

(mn) — 1J@mIn*)[1—(m/n)] < p < (m/) + t/2m/n*)[1—(m/n)]
which is a result gotten in §3.3.11.

3.3.16. We now go over to considering the case in which the probability p that an event occurs in one trial
is different in different trials. Suppose that p;, p», ..., p, are the probabilities that the event takes place in the
first, the second, ..., the n-th trial. In this case, as we saw, the probability P, ,, that the event occurs m times
in n trials will be the coefficient of 7" in the expansion

n+l

it + 1 =p)at + 1 =po) . ut + 1 =p) =) Pupt™
m=0

Issuing from this equation1 we may express the probability P, , by a definite integral. Indeed, as we know
from Chapt. 1 {§1.4.1}, if a function  f(x) can be expanded into a series

F) = Ao + AlXx + Ao 4.+ Ap X" + ...

the coefficient A,, of this series will be determined by the formula
Aw = (121) [ f(e*) " do.

Therefore, substituting m = n + 1, we have
n+l
f@ =) Puut"
m=0
and P, , will be equal to

(1/2n)j Pre® + 1 = p) e + 1 = po) o (pue® + 1 = p)e™do.  (25)

We shall show now that the integrand is a noticeable quantity at all only at values of ¢ close to 0. To this
end note that

ple‘ﬂi + 1 — p; = picosp + 1 — p; + ip;sing,

[mod (ple(”i + 1 - pl)]2 = [picoso + 1 — p1]2 + plsinz(p =
pie + (L =p)*+2pi(1 = p) = 2pi(1 = p1) + 2pi(1 = p1) cosp =

1- 2pi(1 = p1) (1 — cose)
so that
[mod (p1e” + 1 — pN)* < 1

where the sign of equality corresponds to the value ¢ = 0. The number n is supposed to be very large;
consequently, only those elements of the integral (25) will be significant whose modulus is {whose moduli
are} very close to unity, i.e. those which correspond to the values of ¢ close to zero. Therefore, when
approximately calculating the probability P, ,,, we shall neglect the powers higher than the second one in the
power series of ¢. We have however



In(pe” +1—p)=In[pd + i — 2 —..)+1—-p] =
In[1 + pioi — pio*l2 + ] = poi - P07 2 = [proi — (Mo )12 ...
= pl(pl - (p1/2) (1 - p1)(p + ...

so that denoting

pr+p2+ ... +py=ng, p(1 —p)+ ...+ p1 = py) = nQ,

we can replace formula (25) by the following approximate expression
Puw = (121) [ explnqi — (ng/2)¢” — moilde =
(1/2n)j exp [— (ng/2) ¢*] {cos [ng — m) ¢] + isin [ng — m) 1} do.

And since

[ expl-(ng/2) ¢ sin[ng — m) ¢ldg = 0

-

it follows that
Pup = (1121) [ exp [- (n9/2) 7] cos [ng — m) g1 do =
(1/m) [ exp [ (ng/2) *) cos [ng — m) o] do.
0

We assumed that n was very large; therefore, neglecting the magnitude of the second integral taken from =
to oo, we get

Puw = (Im) [ exp [~ (ng/2) 9] cos [ng — m) o] do.
0

But we have

J- exp (— axz) cosbxdx = (1/2)Nxw/aexp [— b*l4a)

0

and therefore

Pum = (1721) 27/ nQ exp [- (ng — m)*/12nQ] =
1
ﬁ E exp [- (ng — m)2/2nQ]. (25")

It is seen now that the maximal probability corresponds to the case in which
mm =q =(p1 + p2+ ... + pyn.

Denoting the probability that m is contained within the boundaries L and M by II and supposing that the
numbers n, m and (n — m) are very large, we obtain the following approximate formula:



M

1 1

= — — exp[-(m — ng)*/2nQ] dm.
JL. N2 \nQ
Introducing

(m — nq)/\2nQ =t, (L — nq)/{2nQ = t,, (M — nq)/2nQ = 1,

we transform this formula thus:

H=awﬁe@eﬁm (26)

fy

If pp = p» = ... = p,= g formula (9) is derived from here as a particular case. When ¢, = —u and t; =
u formula (26) becomes

H:QMﬁemeﬁm (27)

which is the probability of the existence of the inequalities

q + u~\20/n > m/n > q — u2Q0/n.

Since their probability for somewhat considerable values of u is very close to 1, and, on the other hand,
since for a very large n the boundaries within which m/n is contained differ very little from g and become
equal toitat n = oo, we may say that

lim(mm), -« = q=(p1 + p2 + ... + ppin.
This is the essence of the law of large numbers first proved and formulated by Poisson {cf. §3.2.3}.
Note 1. {Concerning the boundaries of the sum above and the one below see Note 2 in §3.3.2.}

3.3.17. Let us go over now to the issue about the repetition of several events. Let Aj, A,, ..., A; be different
events one of which certainly takes place in each trial. Therefore, denoting their probabilities by

P, D2, .o DI (xx1)

respectively, we have p; + p> + ... + p; = 1. We assume that two different events cannot occur in the
same trial and that the probabilities of each given event are the same in each trial so that the probability of
event A; is p; both in the first, and in any k-th trial.

Suppose that in 7 trials the event A; occurred m; times, then

m + nmp + ... + m = n

We will search for the probability P thatin n trials the event A; occurs m; times; the event A,, m, times;
...; and the event A;, m; times. The probability sought may be considered as the probability of an event having
several incompatible forms; it is therefore equal to the sum of the probabilities of each of these forms. One of
them is that in the first m; trials the event A; was repeated m; times but the events A,, As, ..., A; did not
then take place; that in the following m, trials the event A, occurred m, times, but the events A;, As, ..., A;
did not then occur; and, finally, that in the last m; trials the event A; was repeated m; times but the events
Ay, Ay, ..., A did not take place. Since we supposed that the probabilities (xxi) were constant, the probability
of the considered form will be



m

p," P,

However, owing to the same condition, this will also be the probability of each of the other forms. And there
will be as many forms as there are possible combinations of n elements containing [ groups of identical
elements, m; of them in one group, m, of them in another one, etc. Therefore, the probability sought will be
expressed in the following way

P = n! me i m
= o 1 | P Py Dy
m,\m,!...m,!

(28)

Neither is it difficult to convince ourselves that the probability sought can be determined as the coefficient of

my my m
1", .t

in the expansion

(piti + paty + ...+ pi)'

so that we may assume that
(pity + paty + ..+ p)" =), P "t (29)

From this equality we can also obtain the expression (28) for the probability sought.

If the events A, As, ..., A; are determined by some numerical magnitudes, so that the event A; is
determined, for example, by the magnitude of the function 0 (i), then formula (29) can serve for solving the
problem about the probability that in # trials the sum of these magnitudes will take a value s given
beforehand. Thus, if the event A; is the drawing of a card with number i, the problem might consist in
determining the probability that the sum of the numbers on the cards extracted in n trials equals s.

For solving this problem we assume that #; = 1*? so that formula (29) is transformed into

Z Ptmlﬁ(l)+m29(2)+.‘.+m,9(1): [p1l‘e(1) + pzl‘e ) + o+ Pll‘e (1)]11.

Since the probability sought is equal to the sum of all the probabilities for which m; satisfy the conditions
m +m+ ... +m=n mO()+ m02)+ ... + m0() = s,

the preceding equality shows that the probability sought is the coefficient of ' in the expansion of the
expression

0 (1)

[pl / 0(2)

+ P+ o+ p O

Here, the most remarkable is the particular case in which 0 (x) = x so that, consequently, the probability
sought that

ml+m?2+ ... + ml'l =S
is determined as the coefficient of 7° in the expansion of the expression
2 n
[pit + pot™ +...+ pit].

If we denote the probability considered by P;, then, in the general case, we will have

Z P £ = [pl l‘e(l) + pzl‘e(z) + ...+ plle(l)]n (30)



whereas in the particular case indicated above this formula becomes
> Pt = [pit + pft ..+ it (xxii)

Suppose now that the events A; are equally probable, i.e., that p; = p, = ... = p;. Then p; = 1/l for any
i. In this case the formula derived (xxii) will be

P =L+t + £+ 4] =
@/ [(¢ = DIt = D™ (31)
Issuing from formula (31) we can indeed calculate the probability P; that the sum of the magnitudes

determining the events occurring in n trials (in this case, the sum of the numbers corresponding to the events
taking place in these trials) is equal to a given magnitude s.

3.3.18. We shall now show how to obtain, when issuing from formula (31), the expression for the probability

Py as some series. The problem is reduced to the determination of the coefficient of " in the expansion of
the expression

@ - '/ - DI (xxiii)

in powers of ¢. But we have

@ -1 =" @)Y+ [n(n — D21 -, (Xxiv)
GC-D" ="+ WDt ™+ [nn + D22+ ... +
mn+ 1D ...n+A— DAt "™+ ... (XXV)

Denoting I(n — i) — (n + A) = s — n weobtain A = I(n — i) — s. Inserting this value of A in the
expression for the general term of the series (xxv) and making i consecutively equalto 0, 1, 2, ... we will
obtain in this expansion all the possible terms, which, being multiplied by the first, the second, the third, ...
term of the series (xxiv), will provide terms including 7. We thus multiply the term number i in (xxv) by
the (i + 1)-th term in (XXiv).

It is seen now that the sum of the terms of the product of (xxiv) and (xxv) containing 7" will have the form

o Z “ 1)i nn=1)..(n—i+1) nn+D..[n+l(n—1i)—s—1]
i! [[(n—1i)—s]!

where we ought to take all the values of i from O to n inclusively although under the conditions that the first
factor be replaced by 1 at i = 0 and the second factor,by 1 at i = (n/ — s)/l and by O atlarger values of
i. It ought to be remarked that n/ is the maximal value that s can take; this follows from the fact that the sum
of the numbers {on the cards} cannot exceed the maximal number {on a card} taken as many times as there
were trials. On the grounds of the above, we conclude that the probability sought can be represented as

(32)

e nmn=D..(n—i+1) n(n+D..[n+Il(n—-10)—s—1]
P, = (1 -1
(/l);:‘ D i! [l(n—1)—s]!
with
K = E[(nl - syl] + 1.

Issuing from here, we find the following expression for the probability P, in the form of a series

P, = (1/1,1){n(n+1)...(n+nl—s—l) _c) nn+...[n+l(n-1)—s-1)
(n—1s)! [l(n—1)—s]!




C2 nn+)..[n+l(n—-2)—s—1] B
! [[(n—2)—s]!
c3 nn+1)..[n+l(n-3)—s—1] +
[[(n—3)—s]!

.}

which breaks off as soon as we arrive at a term equal to 1 or O.

To illustrate, we shall apply this conclusion to dice playing. This {particular} game consists in throwing six
dice having the form of cubes {of a cube}; numbers 1, 2, ..., 6 are cut in their faces and the gain or loss
according to the condition of the game depends on the sum of the numbers turned up. Since it makes no
difference whether to throw one die six times or to toss six identical dice only once, we may consider the
throwing of each die as a trial so that in the case under consideration n = 6.

The number appearing on the upper face of the fallen die may be assumed to be the magnitude measuring the
event taking place in some {in the corresponding} trial, so that it is seen that here [ = 6. Let us determine

now the probability P; that the sum of the appeared numbers is s. In the case under consideration formula
(32) becomes

« 6:5.(7-i) 6:78.(41-6i—5)
Po= (10693 D' (36— 6i—s)! (33)
=0

with K =E [(36 — 5)/6] + 1. The magnitude s cannot exceed 36. Formula (33) provides P3¢ = 1/6°
1/46 656. For s = 35 and 34, K = 1 inbothcases and P = (1/6°)6 = 1/7776 and (1/6°)67/2 =
(7712)-(1/7776) = T/15 552 respectively.

In the same way we find that

7-8 7-9

P33 = — = 7/5832; P32 = = 7/2592;
15552-2 5832-4

Py = 19 _ 71206 ...
2592-5

Supposing now that s = 30 wehave K = E[(36 — 30)/6] + 1 = 2 and

711 6
Py = — — = (1/7776) (77 — 1) = 19/1944, ...
= Toee o ( ) ( )

We see thus that the probability P; increases with a decreasing s. It is not difficult to confirm that
P3¢ = P, P3s = P7; Py = Py etc. (34)
Therefore, the probability P, increases with an increasing s beginning with s = 6 and this increase

continues until s does not take the mean value between 6 and 36, i.e.,until s = 21. And so, P, is the
maximumof P, At s = 21 K = E[(36 - 21)/6] + 1 = 2 + 1 = 3. Therefore

2 6-5(7—i) 6:7-8..(20—6i)
Pauo= (11692, 1 (15-6i)! =
i=0
(1t (&7 8-18:19:20 (67814 65678,
15! 9 12 3
3-16-17-19-6-11-13-14+3-5-7-8

o = 4332/6° = 361/2592.

We have written the equalities (34) as though they were obvious but we shall prove them analytically. To
this aim, we shall represent the formula expressing P, in a somewhat different form. We have the formula {cf.

(G}



1 n
S P f = () (I—_ll] (xxvi)

and, consequently,

P =yt A - th" 1 -7 =
ANyl -t + At - L+ DG L
(L+nt+[nn+ D2NF +... +[n(n+ D...n + A = DI + ...

Denotingnow A + il = s — n sothat A = s — n — il, we obtain the following expression for the

general term of the coefficient of ™
C nn+1..(s—il—1) .

_ 1Y
D (s—il—n)!

The coefficient itself will therefore be the sum of such expressions where i takes all the values from 0 to a
value (not inclusively) at which (s — n — il) becomes negative, i.e., to

i=E[(s-n/] +1=H

However, Cni at i = 0, and the fractionat (s — n — i[) = 0 should be replaced by unities. Under this
condition we obtain

C,,i nn+1)...(s—il—1) .

(s—il—n)! (35)

Po= (Y 1)

When applying this formula to the game of dice we shall reduce it to the following form

¢ 6-5..(T—i) 6-7-8..(s—6i—1)
Py = (1169, 1) i (s—6i—6)!

with G = E[(s — 6)/6] + 1. Substituting now s = 36 — k into formula (33) we obtain

o ELLGH - 6-5..(7T—1i) 6-7-8..(6+k—6i0)
Psor = (1/67) 3 (1) il (k —6i)!
i=0

When however assuming that s = 6 + k in formula (34), we get an identical expression and it is seen now
that indeed P36 = Pew. This, however, is a particular case of a general theorem because, when issuing from
formulas (32) and (35), it is not difficult to prove that, in general, Pj;,x = P,+x And so, we find that

Ps = Py = = (1/6° = 1/46 656; P; = P35 = (6/6°) = 1/7776;
Pg = Py = (21/6% = 7/15552; Py = P33 = (56/6°) = 7/5832; ...
Py = 361/2592.

Let us study now several versions of a lottery where gains depend on the appearance of some sums of
numbers when tossing six dice. We have approximately

Ps = P3g = 1/46 656; P; = Pss = 1/7776; Py = P3y = 1/2222; ...
Suppose now that the lottery is such that a gain of 46 656 corresponds to the sums equal to 6 and 36; a gain

of 7776 to sums 7 and 35; and a gain of 2222, to the sums 8 and 34, and assume also that no gains are
attached to the other sums. This version of the lottery can be described by the following table (Table 1). It is



seen that the expectation {of gain} in this lottery is 6; therefore, if desiring that it is fair, it is necessary that
the stake be equal to 6. Usually {however} itis 10

Table 1
Probabilities of gains Gains Expectations
Ps = 1/46 656 46 656 1
P; = 1/7776 7776 1
Pg = 1/2222 2222 1
Pz, = 1/2222 2222 1
Pss = 1/7776 7776 1
P3¢ = 1/46 656 46 656 1
Table 2
Probabilities Gains in lotteries (rubles)
of gains No. 1 No.2 No.3

Ps and P36 7776 11664 23328

P7 and Ps3s 1296 1944 0

Ps and P34 370.3 0 0

copecks so that for being fair the gains in the lottery corresponding to the sums 6 and 36, 7 and 35, and 8
and 34 should be

(46 656/600)'10 = 777.6 rubles; (7776/600)'10 = 129.6r;
(2222/600)-10 = 37.0r respectively

or, roughly, 780; 130; and 40 rubles.

Actually, however, the person licensed to organize a lottery assigns far lower gains so that the lottery is
profitable for him and very disadvantageous for its participants. Thus, instead of the 780, 130 and 40r, 78,
13 and 4r were for example assigned so that 9/10 of the stakes went to the organizer. Suchlike lotteries were
therefore abolished in every nation.

Let us compare now three lotteries: the first one, as described above; another lottery which includes four
gains, two of 46 656r each and two other ones of 7776r each; and a third one with {only} two gains of 46
656r each. We assume that the lotteries are fair. The expectation {of gain} in the first lottery, as we have seen,
is 6. For the second lottery, it is 4; and the expectation in the third lottery is 2. Supposing that the stakes are
identical and equal to 1r, we obtain the following comparative table (Table 2) for these lotteries.

We see that the gains in these {improved} lotteries considerably differ one from another. The largest ones
are in the lottery having the least number of gains, and although the probability of winning at least something is
different for each lottery, all of them are equally fair because the expectations are the same and {moreover}
equal to the stake'.

Note 1. { According to Buffon’s reasonable advice, a layman should rather ignore low probabilities (of gain)
regarding them as non-existent. The same conclusion follows from the concept of moral certainty (of loss)
which goes back to Descartes, Huygens and Jakob Bernoulli. }

3.3.19. Let us now consider the case in which [ in formula (31) becomes very large and finally goes to

infinity, that is, the case in which we are engaged when determining the probability that a sum of a very large
or an infinite number of quantities having identical probabilities has a given value. We have {cf. (31)}

Z Pt = (/N[ - DY - DI (xxvii)
We know however that if a function f(¢#) can be expanded into a series
Ao + ALl + Asl® + ...+ Ayt + ..

then



Av=(02m) [ f@) Mo,

Therefore, denoting the right side of (xxvii) by f (), we shall find {since

z ) lpi _1\"
I"Py = (127 j e‘P“"M(" : 1] de.
- e(al

P; = Ay} that

1
Noting now that
(euvf _1)’: ) Dy (sin (l(p/Z)J"
e’ —1 sin (¢ /2)
we will find that

i : n(d-1 o (sinder2)Y
Py = (1/2n>j” exp ([ Mei) (lsin((o/Z)] ‘
But

p{[n(lz_l) ~ Nlgi} = cos{[n(lz_l) ~ Nlo} +

i sin ([2¢=D

- Nl o}

and consequently

i : n(l-1) sinllg/2) Y
Py = (1/21:){ cos {[= N](P}(lsin((p/Z)] ‘

Substituting however [l@p/2 = 0 we obtain
7l/2

Py = (1/n)j cos{[n(lz_l)

0

sin @ !
— 2 — | 2 .
N] (26/])} (lsin (H/I)J (2/1) do (36)

The probability Py is thus expressed by a definite integral. Comparing this formula with formulas (32) amd
(35) we can calculate the value of the integral

72
os {[ n(l—1)

0

sin@ )
— N (26/])} (—sin(é’/l)j do

We shall now search for the probability that N is contained within boundaries N; and N,. Calling this
probability II, we obtain

7Y n(l—1) sin@
(1/m) ! ; cos {[ - N1 (20/D)} (mj (/1) do.



This is an exact expression of the probability sought. We shall now derive its approximate expression for the
case in which [/ and n are very large. We have
zl/2

_ n(l-1) 2N . o/1 Y
Py = Qi) ! cos{[= z 10} ((sme/e)sin(e”)J do

It is seen therefore that for a very large / we may approximately suppose that
rl/2

Py = (2l j cos{[n — (2N/I)] 0} (sin 6/ 0)" d 0

0

because for very large values of n only those elements of the integral influence its value whose 6 is very
small. Indeed, considering here the integral as the limit of a sum in which the variable 0 varies from = to =«
/2, we see that for very large values of n those terms of this sum in which 6 has a considerable value will be
very small because the multiplier, (sin 6/ 0)", will be very small. It follows that only those terms in which 8 is
very small will influence the value of the integral.

On these grounds, when approximately determining the probability Py, we may consider 0 to be very
small; and in this case, noting that

(sin®/0) = 1 — 6%/6 +...
and

In(sin®/0)" = nln[l — (n0’/6)] = — (n6°/6) — ...
we have

(sin 0/ 0)" = exp [— (n 0 /6)]

and

Py = (2/nl) ”jf/z exp [- (n 6% /6)] cos {[n — (2N/I)] 0} dO.
0
Neglecting now the same integral taken between the limits mw //2 and oo, we obtain
Py = (2/n Z)T exp [- (n 6% /6)] cos {[n — (2N/I)] 0} dO.
0
Issuing from the formula

j cos ax exp (- bx*) dx = (Nu/2\b) exp (- a*/4b)
0

we shall find that

nl?

Py = (N6/INTn)exp (—6[N—(nl/2)] j

and that therefore



N,

I1 =Y (eizn ) exp (_6“\’_(””2)] j

2
] nl

Expressing this sum through an integral, as we also did before, and noting that for very large values of n all
the terms except for the integral {?} will be very small, we may assume that

N i —6[N —(nl/2)]
H = (No/iNzn) J exp( — ]dN.

Substituting now (N6/INn) [N — (nl/2)] = t, we will obtain

N,

[T = anm j exp (- 1) dt 37)

N, f

where

fi = (N6/INn) [N — (nl/2)], t» = (N6/INn) [N> — (nl/2)].

Especially remarkable is the case in which #; = —u, ©, = u, so that
= QNm) | exp (-7t (38)
0

It is seen now that it is very probable that N satisfies the inequalities
(nll2) + (NnN6)u > N > (nl/2) — (INnN6) u

or

(112) + (/~6n) > Nm > (I12) — (lul\6n). (39)

Here, N is the sum of the values of all the events {cf. §3.3.17} occurring in n trials and we know that only
one of these events can take place in any separate trial and that, on the other hand, one of them certainly ought
to occur in each trial.

The formula (38) therefore determines the probability that the arithmetic mean of a very large number of
magnitudes having equal probabilities of taking place in a very large number of trials is contained within the
boundaries

2y + (lu/vén), (I12) — (lu/N6n).
Since this probability can be made arbitrarily close to 1, we might say that
lim (N/n), = w = 112,

1.e., that the arithmetic mean of a very large number of quantities having equal probabilities tends to the limit,
as the number of trials increases to infinity, equal to half the number of all the quantities; or, to half of the
maximal quantity.

When desiring to solve the problem of whether an event is random or should it be attributed to certain
causes, scientists base some of their physico-mathematical investigations on the conclusion to which we have
arrived.

Suppose that event A; is measured by magnitude iz so that the events under consideration have
magnitudes h, 2h, ..., [h with [h being their maximal value which we shall denote by a. Multiplying the
inequality (39) by & we have



@l2) + (auw/J6n) > hN/n > (@/2) — (au/~J6n).

It is seen now that at n = oo the arithmetic mean of all the magnitudes, h#N/n, has half of the maximal one
of them, a/2, as its limit. Let us apply this result to a problem in astronomy. If the inclinations of the planes of
the planetary orbits to the plane of the ecliptic were absolutely random; in other words, if the probability that
the inclination 6 did not depend on 0, we would have found that the arithmetic mean of all the inclinations
approximately equalled 90° (one half of the maximal inclination, of 180°), i.e., the mean plane of the
planetary orbits would have been perpendicular to the plane of the ecliptic. It occurs however that the planetary
orbits make very small angles with the ecliptic so that the arithmetic mean of all the inclinations very little
differs from zero. On these grounds it is concluded that the inclination of the planetary orbits is not
{inclinations are not} random; that there existed some causes which imparted an approximately the same small
inclination to all of them".

Note 1. {See a description of the pertinent work of Laplace in my paper (Arch. Hist. Ex. Sci., vol. 9, 1973).}

3.3.20. Let us go over to a new and the last issue of the theory of probability. Although it does not concern
repetitions of events, we insert it in this section because it is very closely linked with the problem considered in
§3.3.19.

And so, we are going over to the determination of the probability that a sum of quantities varying due to
random causes is contained within given boundaries. Suppose that we have several quantities x, y, z, etc, and
assume that x can only have the values xj, x, ...; y, only the values y;, y», ...; z, only the values z;, z,

Denote the probabilities that x has value x;, by p;; that y has value y;, by ¢;; that z has value z;, by
ri; etc. It is assumed that x, y, z, etc certainly have one of their values as stipulated above, so that

p1+p2+...=1,q1+q2+...=1,r1+r2+...=1.
Then, let
D1 )C12+ P2 X2 2+...= a, 41 yi +2qu2 +.2..= b, mnzopa +mMp+...=c;
plxlz + pzx% +...=a, qiyi + @y +... = by,
rnz +nn +t... =0 (40)
so that a, b, c, ... are the expectations of the {considered} quantities, and a;, by, ci, ... the expectations of

their squares. Let us now search for the probability that
X+y+2z+..=s

It is not difficult to see that if the probability sought is P, then
Z Pt = (p,t"' + p,t*© +) (qlty' +q,t" +) (rltz‘ +1,t” +) (41)

Now, so as to simplify the derivation, we suppose that x, y, z, ... can only have integer values. Later on, it
will be possible to remove this restriction by assuming that these quantities are expressed in very small
fractions of that unit in which we suppose them to be expressed during our deductions. Of course, such an
approach presumes that x, y, z, ... are rational quantities, whereas, for a general solution of our problem, we
ought to assume them as arbitrary quantities. Nevertheless, we adopt our restriction because we shall only
search for an approximate value of the probability P;.

Under the restrictions made we shall find that

Py = (112m) | [p1exp (nigi) + paexp (npi) + ...

[g1 exp (10i) + g2 exp (@) + ...][r1 exp (z19i) + r2exp (2200) +...]'
e do.



We shall now make approximate conclusions supposing that the number of the quantities x, y, z, ... is very
large. Guiding ourselves by the considerations developed in §3.3.16, we may, when approximately calculating
this integral, neglect the powers of ¢ exceeding the second one. Consequently, noting that

p1exp (x19i) + prexp (x0i) +...= p; {1 + [(xj0i)/1!] —
[ ?0D)/2!T + ...} + pa {1 + [(noid)/11] — [0 + ...} +...,

we obtain, on the strength of the equalities (40),

P, = (1127 j [1 + agi — (@21 [1 + boi — (b19*)/2]"
(1 + coi — (19™)2]... e do.
But we have

In {[1 + agi — (@2 [1 + boi — (b1¢*)2]...} =

agi — (@eH2 — (12) [agpi — (@921 + ...

boi — (b19*)/2 — (172) [boi — (b19H2) +...= (@ + b + ) ¢i +
[(@® — a) + * — b)) + (¢ — ¢1) +...1(@*2) = A i — B(¢*/2)

where
a+b+c+..=A4A —[@-a)+ B —b)+(-c) +..]=8B
(xxviii)
We thus get

P, = (12m) J exp [— B((p2/2)] exp (Api) exp (— si) do =

(1m) [ exp [~ B(o™/2)] cos [(A — s) ¢] do.
0

Neglecting the magnitude of the last integral taken within © and oo, which is allowable for sufficiently
large and positive values of B, we arrive at

P, = (1/n>f exp [~ B(¢*/2)] cos [(A — ) ¢l dp =
0

exp [- (A — 5)*/2B]. 42)

1
N 27B

In order to justify the approximation made just above, it ought to be proved that B > 0 and that, when the
number of the quantities x, y, z, ... increases, B increases as well. To this end, it is sufficient to prove that all

the magnitudes
(a1 — az), (by — bz), ... are positive. Let us take one of these differences, and what will be said about it will

also hold for the other ones. We have

a, — a* = a, — 28 + a* = p1x12 + pzxzz +...—2a (p1x1 + pxp +...) +

az(pl + pr +...) = pl(x]2 — 2ax +a2) + pz()cz2 — 2axy +a2) + ...+ =
2 2

pilxi — a)” + palxr — a)” + ...

This shows that the magnitude (a; — a°) is always positive.
We turn now to formula (42) that determines the probability P, thatthe sum (x + y + z +...) hasa
given value s. Denoting the probability that s is contained within the boundaries s, and s; by Il and



noting that in virtue of our assumption B is very large, so that the sum might be without a perceptive error
replaced by an integral, we obtain

II = .[ Py ds. (XXix)

0

where P;is given by expression (42).

Considering this formula, we note that it determines the probability in the form of a homogeneous function
of degree zero with respect to the quantities x, y, z, ... Therefore, it will not change if we change the unit in
which these quantities are expressed. Consequently, the adopted restriction concerning these quantities may be
abandoned and we shall now suppose that s in the formula (xxviii) is arbitraryl.

Denoting now

[s —A)/N2B] =1t 5o = A + t,N2B, s1 = A + 11N2B
we obtain

A+1,N2B 4
H = (1) J. exp (- 1) dr.
A+zom

Iy
If t,=—-u and #;, = u we get

A+ux/ﬁ u
[T = @\ expryar (43)
A-u2B 0

This is the formula that indeed determines the probability that

A+ uN2B > s > A — uv2B

with A and B introduced in formulas (xxviii). This probability tends to 1 with an increasing u, but, on the
other hand, the interval between the boundaries for s will {then} become wider. These boundaries depend also
on the magnitude B, which, in turn, depends on the number of the quantities x, y, z, ... Denoting this number
by n, we find that the formula (43) determines the probability that

(Am) — (uNn) N2BIn < s/ < (A/n) + wAn) V2B/n .
We have already obtained these inequalities and their probability in §§3.2.1 and 3.2.2 where it was shown that

A+u\/ﬁ
]'JL: 1 — (612u®) (XXX)
A-u~N2B

where 0 was a proper fraction. Formula (xxx) was proved there absolutely rigorously 2 This formula ought to
be therefore applied in theoretical investigations although it does not allow the {actual} calculation of the
probability. Formula (43) that provides such a possibility was however derived in a non-rigorous way. The lack
of rigor in the derivation consisted in that we made various assumptions without determining the boundary of
the ensuing errors. In its present state, mathematical analysis cannot derive this boundary in any satisfactory
fashion *. In spite of this, we shall apply formula (43) when expounding the method of least squares to which
we are now indeed going over.

Note 1. This already follows from the replacement of the sum by an integral so that ds was introduced
assuming that s varied continuously.
Note 2. Formula (xxx) can be obtained by substituting ¢ = uN2 in the final formula of §3.2.1.



Note 3. Liapunov [...] provided quite a rigorous general proof of this so-called {central} “limit theorem of
the theory of probability”. It is possible that the preceding words of his celebrated teacher had indeed prompted
him to consider this problem. A. Krylov.

3.4. Applications of the Theory of Probability to the Treatment of
Observations

3.4.1. In the sequel, we shall base our considerations on formula (43) that determines the probability that the
sum (x + y + z +...) of quantities varying due to random circumstances is contained within the boundaries

A+ u~N2B and A — u~2B.

We shall choose such a value for u that this probability determined by the formula
2N j exp (= 1) dt (xxxi)
0

will be equal to 1/2. This value is approximately 0.48. In this case, we shall call the boundaries indicated
above probable because the probable boundaries for the sum (x + y + z + ...) are such that it is contained
with equal probability either within or beyond them. The “width” of these boundaries is approximately

2:0.48~+/2B = 0.96~+/2B . We know however that for somewhat considerable values of u, for example for u
= 3, the magnitude (xxxi) is very close to 1 1; therefore, if the “width” of the probable boundaries be
increased six- or seven-fold, we shall already obtain such boundaries for which we may say with a very high
probability that the sum (x + y + z +...) is contained within them.

When considering errors of observation, we shall call them probable if they are contained within probable

boundaries; that is, between the boundaries A — 0.48 \/ﬁ and A + 048 \/ﬁ , and we shall always
assume in the sequel that u = 0.48.

Before going ahead, let us agree about one more term; we shall say that the observations do not include a
“constant error” if positive and negative errors are equally probable, i.e., if the expectation of the errors is zero.
We shall assume that this condition is fulfilled; that is, we shall consider the expectation of the errors equal to
zero. If however we shall have to study observations corrupted by constant errors we shall make the
appropriate reservation. It ought to be noted that the equally probable errors are supposed to be those having
equal numerical values.

Note 1. For the sake of clearness we append a short table of the values of this integral {omitted}. A. Krylov.

3.4.2. Suppose that we are concerned with measuring some quantity V and that the observations provided
its following values: L;, Ly, ..., L,. In this case their arithmetic mean, i.e., (L;y + L, + ... + L,)/n, is usually
taken as the value of V; and, the larger is the number of observations, n, the closer we consider it to be to V.
We shall now show the grounds on which such opinions are based.

Let €, &, ..., &, be the errors of the first, the second, .., the n-th observation. We shall consider those
errors which increase the real value of V as positive and regard those that decrease it as negative. Under these
conditions we have

V=L -¢,V=1L—-¢,.... V=L, —¢, (xxxii)
so that

nV=U +L,+...+L,) — (g1 + & +...+ &y,
V=I[L +L+...+L)n] — [(e1 + & +...+ &,)/n].

It is seen therefore that, when assuming the arithmetic mean of the observational values as V, we make an
error equal to

e=(g + & +...+ g)n.



Let us find the probable boundaries of this error. Applying formula (43) to this case, and denoting x = g/n, y
= &/n, 7z = &/n, ... we have in this case

a= (1)), appi=0; b= ~1m) emng=0;..

where € 1s one of the possible errors of the first observation and p;, its probability; €, one of the
possible errors of the second observation and g;, its probability, etc.
Consequently, wehave A = a + b + ¢ +... = 0. Then

a = Y, (e10/n)’pi = (n) > (e10)°pi = kin®
where
k=Y (e10))’ Piv

The value of k& depends on the quality of the observations and it is not difficult to see that the less it is the
better are the observations because k can only be small when the errors are small in numerical value. If all the
observations are equally good, then k is the same for all of them and we will have

2
a1=b1=01=...=k/n

B=(a—d)+ (b —b) + (c1 =) +...= nk/n* = kn.

We thus see that the magnitudes

—u~N2k/n and u~2k/n

will be the probable boundaries for €. They show that the “width” of the probable boundaries decreases with
the increase in the number of observations provided that all of them are equally good. This indeed is the basis
for increasing this number when it is desired to determine the quantity sought “more precisely” through the
arithmetic mean of the observed values. Let us now go over to another issue.

3.4.3. Suppose that we are again concerned with determining the quantity V for which the observations
provided the values L;, Lo, ..., L,. Itis required to find such a combination of these observations as would
have furnished the most probable value of V. This problem can be formulated either as finding the best
combination out of all the possible ones; or, out of all combinations of a given form.

In the first case, the problem is of course much more general, and it can only be solved by applying the law
of hypotheses ! whereas no deductions made on its basis have adequate rigor. We shall therefore solve this
problem in its second version choosing the following form of the combinations

(X]Ll + }\QLZ + ...+ knLn)/( }nl + }\,2 + ...+ 7\,,,) (XXXlll)

Here, we shall try to determine A;, Ay, ..., A, in conformity with the condition that this combination expresses
V in the best way, i.e., that the probable boundaries of the error be the tightest {the narrowest}. Note that the
arithmetic mean is a particular case of this combination; namely, the case in which A; = A, =... = A,.

From equalities (xxxii) {multiplying them by A; respectively, etc} we have

V()u] + Xz + ...+ >\,n) = ()\.]L] + >\,2L2 + ...+ >\,,1Ln) —
(&M + &M + ...+ & Ny,

V=1[ML + Ly +...+ ML) M + %+ ...+ A)] —
[(817&1 + 827&2 + ...+ S,J\,n)/ (7&1 + Xz + ...+ >\,n)]



so that, when assuming the quantity (xxxiii) as V, we make an error equal to
€=(eM + &M +...+ M) (M + Mo + ..+ Ay
We shall now find the probable boundaries of this error. Let

- &k y = &4, 7 = &4, e
AL+ + A AL+ + A A+ A+ + A,

tc.

X

In this case we have

gl(i)ﬂ’l ﬂ]
¢ Z ﬂ1+/12+...+/1np A+A+.+A, Z P

sothat a = b = ¢ = ... = 0 and, consequently, A = 0. We then have

= (gl(i))Z/%z .= ﬂ’l 2 N2
“ _Z (ﬂq +ﬂz+...+ﬂn)2 pi= [ﬂ'l"'ﬂz +---+/1n] Z (&16)" pi =

k[ 4 1%.
A+A4+.+A,

Supposing that all the observations are equally good, we obtain, in an absolutely similar way,

A+ +..+4) A+ +..+4)

b

and therefore

AL+ A
A+ A

so that the probable boundaries are

—u~N2B, uvN2B.

As already stated, the best combination is that for which the “width” of the boundaries is least so that the

problem is reduced to the determination of A;, A,, ..., A, in accord with the condition that the expression
2 2 2 2 .
W=MA +0M +...+23)(M+A+...+1A) (XXX1V)
1S minimal.
It is easy to see however that in such a form the problem is indefinite because the magnitudes A;, Ay, ..., A,

themselves will not thus be determined, only the ratios between them will be derived. We may therefore lay
down any {additional} condition between them {connecting them} expressed by one equation. The simplest
result will be provided by stipulating that

M+A+.+A =1 (44)

so that

W= M7+ M2+ 0 (XXXV)



The condition that W be minimal furnishes the equations
>\,1 d)u] + de)\a + ...+ ?»ndkn =0, d)»] + d)»z + ...+ d)\,n = 0.

Multiplying the second one by an indefinite factor p, subtracting {the product} from the first one and equating
then the coefficients of dA;, d\, ..., d\, to zero, we obtain

AM=p, AM=0p, ..., oy = p.

Together with equation (44) these equations provide

7\,1 = 7\,2 = ... = 7\,,, = (1/n)
We thus see that the minimum of W takes place when the magnitudes A;, A, ..., A, are equal one to
another.

It is not amiss to derive this {the same result} in another, elementary way. Suppose that
M+ 2 +... + 0 =5
We have

A= D + o= D+ [ = (/) =
MA M+ AN =25 O+ d . + N+ (nsHP)

so that

M+ A NS = (5T +
A = P + o= D+ [ — (/)]

and consequently
W= (/) + {[M - (/D + [ = (/D) + ...+ [ — (/)]s

Since the second term on the right side of this equality is always positive, we see that the minimum of W
will only take place when this term vanishes; that is, when

>\,1 = >\,2 = ... = >\'n = (s/n)

or, in accord with the condition that the magnitudes A;, Ay, ..., A, are equal one to another. We thus conclude
that the magnitude (L, + L, + ... + L,)/n,
and the arithmetic mean of the observed magnitudes, ought to be taken as V.

Note 1. { Chebyshev did not use this term in the relevant sections (§§3.1.6 — 3.1.7) but he obviously thought
here about the Bayesian approach with an arbitrary choice of the prior distribution. In §3.4.9 he wrongly
attributed to Gauss the justification of the method of least squares by this law of hypotheses. However, the
postulate of the arithmetic mean adopted by Gauss in 1809 made the Bayesian approach superfluous;
E.T.Whittaker & G. Robinson (Calculus of Observations. London, 1924, p. 219n) were the first to indicate this
point (overlooked by Gauss), and even their remark was forgotten. Also note that Gauss subsequently
abandoned his initial substantiation of the method. In general, Chebyshev was poorly acquainted with the work
of the creator of the method of least squares as especially witnessed by his wrong reasoning in §3.4.9, see my
papers of 1994 in the Arch. Hist. Ex. Sci., vols 46 and 48.}

Note 2. {Chebyshev issues here from formula (xxxiv).}

3.4.4. Having shown that out of all the combinations of the type of (xxxiii) the best one is the arithmetic
mean of the observed magnitudes, we shall show now on what grounds should we search for the best of all the
possible combinations.



Suppose that we know the function ¢ (¢) determining the probability that the error has magnitude €. In this
case we can easily determine the best combination of the observations. Indeed, let us assume that V' can take
the values V,, Vi, Va, ..., Vi, ... (which can be arbitrarily close one to another). In order to determine V we
made n observations providing the values L;, Ly, ..., L,. This represents event E.

The various hypotheses under which this event can happenare V = V,, V =V, V.=V, ..., V = V),
... Knowing nothing about the appropriate probabilities, we suppose that they are equal one to another and we
denote their common value by P. Then P, = P; = P, =...= P, =... = P. This assumption is arbitrary
and none of the subsequent deductions is therefore rigorous. The probability of the event E under the
hypothesis that V = V,, i.e., that, when determining some quantity Vj, by observations, we got the values
Ll, Lz, ceey Ln, 1S

po=0WL —V)ols - Vi)...oL, — V).

Therefore, the probability that the event E took place under the hypothesis V = V), will be expressed in the
following way

Pip, _ oL, —V))e(L, =V,)..o(L, —V;)
ZPAPA Z¢’(L1 —Voo(L, =V,)..o(L, V)

where the sum is extended over all the values of A and is therefore a constant magnitude.
The search for the maximum of this probability is thus reduced to the search for the maximum of the
expression

W = () (Ll - V;L)' 0] (Lz - V}L) ... 0 (Ln - V}L). (XXXVi)

In the case in which the function ¢ (z) is known, this condition will indeed provide an equation for
determining V) as a function of the observed magnitudes L, L, ..., L,. This latter function will indeed
furnish the best combination of the observations because the probability that V) is equal to that combination is
maximal. We thus see that everything consists in determining the type of the function ¢ (z). Some theoretical
considerations which we will discuss below lead to the conclusion that

¢ (2) = Fexp (-gz) (xxxvii)
where F and g are some constant magnitudes. Experimental corroboration of this formula was being
attempted and it was found out that (xxxvii) rather well expresses the law of the probability of error as a
function of the change in the value of this error.

Assuming the function (xxxvii) as @ (z) we shall find that

W = F"exp (- gr),

2 2 . 2 2

r=WUL -V) + U= V) +...+ (L, — V). (xxxviii)

It is therefore seen that the maximum of W will take place when the right side of (xxxviii) where V; is
considered as the independent variable is maximal. The value of V; making the expression (xxxviii) maximal
is determined by the equation

2Ly - V) = 2L = V) —...=2(L, - V) =0
which provides

V) = (L1 + L, + ... + L,,)/n

The assumption that ¢ (z) is expressed by the formula (xxxvii) leads to the conclusion that the best of all the
possible combinations is the arithmetic mean of the observed magnitudes.



3.4.5. We shall now show on what theoretical grounds is the determination of the type of the function ¢ (z)
founded. Note that when two observations are available it might be assumed as an obvious condition that their
best combination is the arithmetic mean because in this case nothing empowers us to prefer one of the observed
magnitudes to the other one. We therefore really ought to decide in favor of the magnitude which would be
equally distant from each of the observed magnitudes.

But the same can not be said about three or more observations. Indeed; suppose that we made three
observations and that two of them furnished one and the same value for the quantity sought, V. In such a case
we ought to prefer the magnitude which was repeated twice, but should our preference be expressed in taking
2/3 of the repeated magnitude and 1/3 of the magnitude that occurred {only} once, and in assuming that the
sum thus obtained is the quantity V? Obviously we have no right to assert this.

We shall now show that, if the arithmetic mean is taken as the best combination out of three observations, it
is possible to find the type of the function ¢ (7). We saw that the best combination is found from the condition
of the maximum of the expression (xxxvi). For three observations this will be

W=0(L - VD)ol - V)o(Ls — V).
The search for its maximum leads to equation

(L -V,) + ¢ (L,-V,) + @' (L, =V,)
¢(L1_V/1) ¢(L2_V/1) Q(lﬂ_vﬂ)

Denote ¢'(z)/¢ (z) = y(z), then this equation will take the form
WL - V) +y(a— Vi) + y(Ls — V) = 0.
Now we ought to express the demand that this equation be satisfied if
Vi = (L1 + L, + L3)/3.
Assuming this value, we obviously have
L = Vo) + L= V) + Lz - V) =0.
Therefore, denoting (L; — V3) = y and (L, — Vi) = y;, we obtain

Ls = V) == + y)

so that we ought to have the equality

v +vyOo) +v[-0+y)] =0 (45)

valid for any y and y;. We may thus consider it as an equation determining the function v (y).

Here we encounter a new mathematical problem: A function is determined not by a differential equation, not
by an equation in finite differences, but by an equation connecting the values of the function sought
corresponding to various values of the independent variables somehow connected one with another. Such
equations are called functional. Some mathematicians concerned themselves with their solution (Abel among
others), and some are engaged in this problem also at present. However, until now there exist no general
methods for solving them whereas the existing methods actually consist in that, out of a given functional
equation, a differential equation is made up by differentiation and elimination of the unknown magnitudes. We
shall show one of these methods while studying the particular case under consideration.

Differentiating the equation (45) with respect to y we find out that

V') -y =y -y)=0.

Differentiating this equation, now with respect to y;, we get



v'(=y -y) =0
Denoting —y — y; = z, weobtain y” (z) = 0 so that

yv(i) =Cz + Ci.

Making use now of the determined type of the function v (z), we shall reduce the equation (45) to the form

Cy+Ci+Cy+C-C(=y-y)+C =0
so that C; = 0. It follows that

V(@ =Cz= 9@l
and, consequently, that

(1/F)Ing (z) = CZ12, ¢ (z) = Fexp (C ).

Therefore

W= Fexp {(C) L - Vi) + (L = V) + (Ls = V1)
and

dW/dVy, = CWI[-(Ly —= V) = (Lo = Vo) = (Ls = VI,

dW/AV;? = C(dW/dVy) [-(Li — V) — (Lo — Vi) — (Ls — V)] + 3CW.

Assuming that 3V = L; + L, + Lz, we find that

d’W/av;> = 3CW.
Since W, at the considered values of V), should be maximal, the expression obtained for de/de2 ought to
be negative. And since W is positive (as being a product of three positive multipliers), C is negative.
Therefore, denoting C = —2g, we obtain (xxxvii) where F' and g are some positive magnitudes.

Thus, assuming that the arithmetic mean is the best combination of three observations, we found the type of
the function ¢ (z) . However, as we said already, this supposition is arbitrary and not caused by necessity.
Note that the assumption that the arithmetic mean is the best combination for two observations is necessary but

not sufficient for determining the type of the function ¢ (z). Indeed, in this case the equation determining the
best combination will be

¢,(L1_V/1) + ¢’(L2_V/1) =0
o(L, =V;) (L, =V,)

Denoting as before ¢'(z)/¢ (z) = y(z) we shall reduce it to

yv(L — V) +vy(Ly,—-Vy =0.

This equation should be satisfied by Vi = (L; + L)/2; expressing this {condition} and denoting L; + L, =
2y, we obtain

v + vy =0.

This equation, however, does not determine the function y (y) because any odd function satisfies it.



If we assume that indeed (xxxvii) holds, we shall easily arrive at the method of least squares. To this end
denote the error of the i-th observation by x;. We have seen however that the probability of some totality of
errors is determined thus:

o (x) @(x,)..0(x,) .
Do (x) @ (x,)..0(x,)]

Therefore, we ought to assign such magnitudes to the errors * that the expression

¢ (X))@ (x2) ... ¢ (xn) (47)

be maximal because the denominator in the preceding expression is a constant magnitude. Given the existence
of the equation above, this product will be

F"exp[-g(x> + xD) + ...+ x)].

Consequently, we should assign such values to the errors that the expression

2 2 2
X1+ X2 +...+ X,

be minimal; that is, in order to find the most probable errors we ought to find the minimum of the sum of their
squares.

Note 1. {Chebyshev did not expressly distinguish between errors and residuals. }

3.4.6. Very often the observations directly provide not the quantity sought, V, but quantities connected with
it by some equations. We shall consider the case in which the observations furnish the quantities

(05 V, (XQV, vy (an.

Here, a;, oy, ..., 0, are known numbers and «;V is a quantity determined by the i-th observation. Suppose
that for these quantities the n observations gave such values: L;, L, ..., L,. the problem consists in finding
the most reliable magnitude for V. When solving this problem we will not search for the best of all the
possible combinations of the observations, because, as it was shown on a simpler case, this cannot be done in a
rigorous way. We will {rather} determine the most favorable combination out of those of the type

AL+AL +..+ 4L,
A+ L0+ +Aa,

Denoting the error of the i-th observation by ¢;, we have
a1V = L]. - &1, a2V = Lz. — &2 vuuy Can = Ln. — &y
Multiplying these equations by 4, /o, ..., 4, respectively, and adding up the results, we obtain

(611/11 + Clzﬂ,z + ...+ an/ln) V =
(ilLl + isz + ...+ inLn) — (1181 + /1282 + ...+ /1,18,,)

and

AL+ AL+ + AL, AE+A4E .+ AE, x)

Ao+ Ao+ +Aa, Ao+ +. .+ Aa,

It is seen therefore that, when assuming formula (xxxix), we make an error equal to the second term on the
right side of (xI).



We shall now search for the probable boundaries for € and determine
M, A2, ..., 4, from the condition that these boundaries are as close as possible to each other. However, if we do
not {additionally} lay down any condition concerning these magnitudes, the issue will be indefinite. We shall
therefore assume that

(Xlil + (Xziz + ...+ Otnin =1 (Xll)
from which the generality of the solution certainly will not suffer. And so, we have

V = ilLl + isz + ...+ inLn, € = il e + 1282 + ...+ /lnen.

When determining the probable boundaries for €, we shall apply formula (43). To this end we denote

X = /11 €,y = /1282, Z = /1383,
and we shall understand €;(; as one of the possible values of ¢, — that is, as one of the possible errors of the

first observation, — &; as one of the possible values of &, etc.
Supposing now that the observations have no constant errors, we have

a =Z /11 1) Pi = ﬂ,lz 1) Pi = 0, . b = 0, c = 0,

Assuming in addition that all the observations are of an equally high quality, we obtain
ar = Y. heapl’pi = 41*), [l pi = M7k
and, in the same way,
bi =k ¢ = Ak, ...
Thus, we find that
A=0,B=kO0 + A4 +..+ W)

The probable boundaries for ¢ will be

—u~2B and u2B.

The problem is now being reduced to the determination of the minimum of
Mo+ A

under the condition (xli). To this end, we derive the equation
A —up)di + (b —wp)diy +...+4 Ay — up)di, =0

so that

Al = oup, Ao = 0P, e, Ap = Oyp.
Then, from equation (xli),
p = 1/ a12 + azz +...+ anz)

and



Q;
A = 2 2 2
a +a, .. +a,

Consequently, the most reliable combination will be

oL +a,L,+..+a L,

Vi =
2 2 2
o +a, +.+a,

(xli1)

If a4, a, ..., o, are integers, it might be said about this expression of V, that, Supposing that we, after
making o> observations, obtained in each of them the magnitude L;/a; for V; and supposing also that the
total number of observations was (0(12 + (x22 + ...+ (xnz), the best combination of the observations will be, as
we saw, the arithmetic mean of the observed values, hence (xlii).

The described method of determining V, expressed for the first time by Legendre, is indeed called the
method of least squares, — not because we search for the minimum of the sum of the squares of the factors 4,,
Az, ..., Ay, butbecause, when applying it, the value of V imparts the minimal value, as we shall prove now,
to the sum of the squares of the errors.

To prove this, we shall find the value of V for which the sum

2 2 2
& + & + ...+ g,

becomes minimal. We have
2 2 2 2 2
g+ e+ +g=Li—-uV)+ -V +...+ (L,— o, V).
For determining its minimum we obtain the equation
ouLi—ouVy+ ollr—wV)+...+ a0, L, —a,V) =0

from which we indeed arrive at (xlii)

Further on we shall expound the method of finding the best combinations for determining several unknowns
from observations; and we shall show that in this case as well the most reliable combinations are those for
which the sum of the squares of the errors is the least. We note right here that the method of least squares is not
the only one applied for the treatment of observations. There exists one more method according to which the
unknown quantity is determined from the observations in such a way that the maximal error is minimal and this
method is in some cases more advantageous than the method of least squares, but in general the latter should be
preferred.

3.4.7. Suppose now that it is required to determine from observations quantities U and V and that in the i-th
observation we search for the value of the expression (o;U + B;V) where o, and [; are given numbers and
that this observation provides the magnitude L; Denoting the error of the i-th observation by ¢;, we have

aU + B]V =L - g, U + Bzv =I,— &, ....,0,U+ an =L,- g,
(48)

We shall find the combinations by whose means U and V are determined with least errors. And, as before,
we shall only consider linear combinations (with respect to L, L, ...). To this end we ought to proceed as
follows.

Multiply each of the equations (48) by some indefinite factor A; and add up the results; this will provide one
equation for determining U and V, namely

(A + Ay + ... + aA)U + (B + Boha + ... + BuA)V =
(L])\.] + Lz)uz + ...+ Ln>\'n) — (817\,1 + 827\,2 + ...+ S,J\,n).

We then subject the factors A, A, ..., A, to the conditions



oM+ A+ .+ oh, = 1, BiA + Bl + ..o+ By = 0. 49)
Consequently, we shall directly obtain an expression for U
U= LM+ Ly +...4+ L) — (1A + &M + ...+ €M),
Knowing nothing about the magnitude of the errors, we assume for U the expression
U=LM+ L) +...+ LA, (50)
thus making an error equal to
€= M + Sh + ...+ &\ (51)
Had we subjected the factors to conditions
M+ A+ .+ ah, = 0, BiAL + Bl Ao+ B = 1, (52)
we would have obtained an expression for V.
It is seen now that, after finding a final expression for U, we can directly write down a final expression for
V' as well by replacing the letters a; by [B; and vice versa. We shall therefore only discuss now the
determination of U, and everything said about it will also apply to the determination of V.

And so, the issue is reduced to the determination of the best combination of the type

Lidv + Loy +...+ LA,

where A, Ay, ..., A, satisfy conditions (49) and we will indeed assume this best combination as U. To this
end let us find the probable boundaries for the error (51).

Denoting

k=Y [e1]” pi (53)

and supposing that all the observations are of an equally high quality, we shall find, as we did before, that these
boundaries are

U2 AP A AR L 2R+ A+ A
so that everything is reduced to the determination of the minimum of the expression
W+ 27+t A (xliii)
under the conditions (48). We have the equations

/11 d/11 + /12d/12 + ...+ indin = 0, 0.16!7,1 + 0.2d/12 + ...+ (X,ndin = 0,
Bidh + Padha + ...+ Pudhy = 0.

Multiplying the second of these by — p and the third one by — o; adding up the results obtained with the
first equation; and equating the coefficients of
diy, dhy, ..., dA, tozero, we get equations of the type

/1,‘ = op + B,‘G, i=1,2,..., n (54)

For determining p and ¢ we will have on the strength of (49) the equations



ajf(a;p + Pio) + ax(oap + P20) +... + op(o,p + Buo) = 1, (55a)
Bi(aip + Bio) + Pa(azp + P20) +... + Pu(aup + PBro) =0, (55b)

or, in another form,

(0% + o° +...+ anz)p + (B + P +...+ oPy) o = 1, (56a)
(P + 0P + ..+ B p + B>+ P +...+ B o = 0. (56b)
Having determined p and o from these equations, we will find A;, A, ..., A, from equations (54).

Consequently, we will also find both U and the probable boundaries of the error ¢ if only we will know the
magnitude k£ whose determination is explained below.

We shall now show that the thus found value of U is identical with the one obtained from the condition of
minimum of the sum of the squares of the errors. We have

&1 = L]— (X,]U— B]V, &) = Lz— (X,zU— BZV,...,
&n = Ln_ anU_ an
If we assume here that U and V are their real values, then ¢, &, ..., & will be constant magnitudes. We

will however consider them as variable quantities assigning to U and V not their real values, unknown to us,
but all possible variable values; and, among these, we will search for such that provide the minimum of

e + & ot &l (xliv)
We have

812 + 822 + ...+ 8n2 = (Ll— (XlU— B]V)2 + (Lz— (XzU— BQV)Z +
it Ly — 0, U = B V)

The condition of minimum of this sum leads to the equations

(X](L]— o U - B]V) + (Xz(Lz— U - BZV) + ...
+ an(Ln_ anU_ BnV) = 0,

BilLi — ouU — B1 V) + Pl — axU — B V) +...
+ Bn(Ln_ (an— BnV) =0

which are reduced to the form

2 2 2
(" + 0" +...+ a0, )U + (iffy + o2 + ... + o,f)V =
ol + oly +... + o,L,,

(Br + Py + ..+ aP)U + Bi* + B +... + BV =
B]L] + Bsz + ... + BnLn-

Multiplying the first of these equations by p, the second one by o, and adding up the results we get
Ul(a® + a2” + ...+ 0,0)p + (ouP1 + ooy + ... + 0,By) o] +

VP + Py + ...+ B p + B> + B2° +...+ B ol =

Li(op + B10) + La(oap + P2o) + ... + Ly(oup + Pro).

Supposing now that p and o satisfy the equations (56) we will find that

U = Li(up + Bio) + Ly(opp + P20) +... + Ly(oup + By0)



which coincides with the expression (50) if the factors A, Ay, ..., A, have the values (54) as found above. And
so, U and V determined by the best linear combination at the same time make the sum of the squares of the
errors minimal.

3.4.8. Let us now consider the general case. Suppose that it is required to determine from observations
quantities U, V, W, ... whose number we will assume to be arbitrary. Suppose that we have the equations

U +BV+yiW+...=Li—¢g, U +BV +nW+... =L- g,

ceu o, U + B,V +v,W+... = L,— g, 57)
whose right sides are the directly observed magnitudes L, Lo, ..., L,; €, €, ..., &, are their errors whereas
oy, 02, ...r Oy Pir B2y --or Bus Y1 Y25 --+s Yn» ... are given numbers not depending on the observations and not

exposed to error. Let us take a number of factors
>\'19 }\42’ M >\'n (XIV)
and subject them to conditions

(117\,1 + 0.27L2+ R (1,17\,” = 1, B])\,] + Bz)&z + ...+ ann = 0,
Y17\,1 + 'Yz}n2+ R Y,,)\,n =0,... (58)

We multiply the equations (57) by A;, A, ... respectively; adding up the results obtained we get, in virtue of
these equations,

U=LM+ L +...+4 LA, — (&AM + &M +...+ &\,
an equation which we will write as

U=> Lk-) &k

It is seen therefore that, when assuming the expression

Lih + Lodo + ...+ Lk, =) Lk (59)
as U, we make an error equal to

e=gM + 8k t..t &y =), &l (60)

In order to find probable boundaries of this error we assume, as we did before, that all the n observations
are of an equally high quality and {cf. (53)} denoting

k =Z [81(i)]219i (61)

we obtain the probable boundaries

U2k AP A A A L 2R+ A+ A (62)

The most probable combination for U will be that for which the sum (xliii) will be minimal. In virtue of
the conditions (58) we have for determining (xlv) the equations

Mdh + ladha+ ..o+ Aydhy = 0, aydhy + apdiy + ...+ a,dA, =
B] d/11 + Bzd/b + ...+ Bndin = 0, ’Y]CM] + ’deﬂ,2+ I 'Yndin
(63)

L



from which we find by the known method the expressions of the type

Ai=wup+Bo+vyvit+..,i=1,2,...,n (64)

with magnitudes p, o, T, ... being determined from the equations

z awp + Po + vt +...) = 1,2 Bi(wip + Bic + yit +...) =0,
Z Yi(ap + Bio + vy +...) =0, ... (65)

These equations might be represented in the following form

pz (X,'Z + Gz (X,'B,‘ + ‘L'Z oy + ...

pz aiBi + GZ Biz + ’[Z Bi’yi + ... (66)

Pz ay; + Gz viBi + TZ y,-z + ...

Their number is equal to the number of the magnitudes p, o, 1, ... We thus find that
(67)

=0,...

U = Z Li(aip + Bic + vit +...)
with p, o, 1, ... being determined from the equations (66).
We shall now show that the expression (67) is identical with that which is obtained for U under the
condition of the minimal sum of the squares of the errors. We have
Z 8,'2 = Z (L,'— (l,‘U — BiV— ’YlW —...)2.
The search for the minimum of this sum leads to the solution of the equations
2 wLi- U - BV-yW-.) =0
> BiLi- U - BV—-yW -...) =0,
> villi- U - BV—-yW-.)=0,..

or, otherwise, of the equations

Uz (X,-Z + Vz (X,'B,‘ + Wz oy + ... :Z o;L;,
U, afi + VY, B+ WY B+ ... =), BiLs
Uz oy; + Vz B{Y,‘ + Wz ’Y,‘Z + ... :Z Yi L, ...

Multiplying the first of these by p; the second one, by o; the third equation, by 7; etc, and adding up the
results, we obtain on the strength of the equations (66), which these quantities satisty,
(69)

(68)

U = pz oL + GZ BiLi +’[Z 'YiLi + ...,
i.e., the expression (67), and the theorem is proved.
This is indeed the essence of the method of least squares. We shall show further on how to determine the

magnitude k, but now {but first} we offer an example.
Suppose that it is required to determine three quantities U, V and W, and that we made four observations

which provided quantities 14, 10, 9, 17 respectively for



3U + 5V + 7TW, 4U + 11V - 2W,
SU + 13V — 7W, 4U - 11V — 13W.

We search for U, V, W under the condition that the expression

GBU + 5V + TW — 14> + (4U + 11V - 2W- 10)* +
BU + 13V = TW - 9> + (4U - 11V — 13W — 17)*

is minimal. It provides equations

66U + 80V — 74W = 195, 80U + 436V + 65W = 110,
74U + 65V + 271W = —206.

From these we will indeed find U, V, W but we shall not dwell on the numerical calculations.

Note that the approach to the exposition of the method of least squares as shown in the preceding sections
assumes that the number n of observations is very large because only under this condition it is possible to
apply the formula (43).

3.4.9. It only remains to show how to determine the magnitude k. Assuming that all the observations
deserve the same confidence, we have

k=Y lapl’pi =Y, [epl’ g =...

Let us apply formula (43) to the case under consideration and assume the magnitude [81(,-)]2 as x; the
magnitude [82(,-)]2 as y; etc. Then (still supposing that the number of observations is n) this formula will
represent the probability that the sum (xliv) is contained within the boundaries

A+ u~N2B and A — u~2B.

In our case
A=a+b+c +.. =Z [sl(i)]zp,- +Z [82(,-)]261,- + ... = nk,
B=(a -ad)+ b —b) +... =

> [eio]' pi — & +> [e2] gi — K +...

Therefore, denoting
Z [e10]" pi = Z [e20]' qi = ... = ki,

we obtain B = n(k; — kz).
And so, formula (43) will determine the probability of the existence of the inequalities

nk — u\2n(k,—k*) < e’ + & +...+ & < nk + uy2n(k, —k*)

or

k= u\JIn)(k,—k*) < (e’ + & +...+ &1 <
k + u(2/n)(k — k).

It is seen now that
k= 1lim {(1/n)e® + e + ..+ &1} neo

so that, for a very large number of observations, we may assume that



k= (n)e) + & +...+ & (70)

As to the magnitudes of the errors of observations ¢, ¢, ..., &, which are here included, they may be
gotten from a series of observations of known quantities by comparing their real and observed values.
However, it is not always possible to carry out such special observations solely intended for the determination
of k. Therefore, this magnitude is usually derived from the same observations from which we determine the
unknowns U, V, W,... In this case, instead of the real errors unknown to us we take those which turn out after
the determination of U, V, W,... by the method of least squares when comparing the results of calculation and
observation.

In other words, considering ¢, &, ..., & as variable quantities we determine them in this case under the
condition that the sum (xliv) is minimal and assume their thus obtained values as errors included in the
expression for k. A justification of this procedure is that, if we denote the unknown to us real errors by ¢, &,

.., &, and the values {of errors} obtained by the method of least squares by ¢ + N1, & + M2, ..., & + Mw,
then mj, Mo, ..., M, will be very small as compared with ¢, &, ..., &,; or at least we ought to consider them
as such because the method provides the most probable result and we may therefore neglect the magnitudes n;,
N2, ..., MNan-

The magnitude k determining the merit of observations is found in this way. The less it is, the better are the
observations. The magnitude 1/k which is called the weight of the observations may therefore serve as the
measure of their merit. It will be said below how this term is justified, now, however, we note that recently
some authors have begun to assume the expression

[1/(n - D] e + & + ...+ & (71)

as kL. Here, n is the number of observations and [, the number of quantities determined, — U, V, W, ... It
was stated, in favor of this formula, that when the number of observations is equal to the number of quantities
determined, we may exactly satisfy the conditional equations 2 50 that, issuing from them, it will occur that ¢
=& =...= &, = 0 (here, the ¢&'s are the calculated and not the real errors) and the previous formula would
have provided k& = 0. This cannot be admitted because it would have indicated that the observations were
absolutely precise whereas formula (71) furnishes here an indefinite expression 0/0 for k.

But the point is that when n = [ we cannot apply those conclusions on which the derivation of k& was
founded because we assumed that n was a very large number whereas the number of unknowns [ is always
supposed to be restricted so that we ought to reject the case in which n = [. If, however, we assume that n is
considerably larger than /, it will not matter which formula is being used for determining k because we may
neglect the terms beginning with #/#* in the expression

[1/(n — D] = (1/n) + Un* + Pind) + ...

Note that the Gauss method based on the law of hypotheses does not demand that n be certainly very large.
When assuming it as the foundation {of the method of least squares} we may also consider the case in which
n = [. Then it is therefore more opportune to determine k by the formula (71). We saw, however, that this
method is not really reliable, and it is preferable to determine k by the formula (70).

Note 1. {Indeed, some authors,— beginning with Gauss!}

Note 2. {Chebyshev did not use this term in the exposition above; he apparently bore in mind equations (50)
which are, however, called observational. Conditional equations appear in another version of treating
observations (still by the method of least squares or otherwise). }

3.4.10. In concluding, we shall show the influence of k on the quantity determined while assuming for the
sake of greater generality that k is different for different observations.

We had the equations

U=L1—81, U:Lz—é‘z,..., U=Ln—8n.

Assuming that U is defined as

U = L17\,1 + Lz)x,z + ...+ Lnkn



under the condition

M+ +...+70 =1 (72)
we make an error equal to

& = 817\,1 + 827&2 + ...+ 8,,7»,,

whose probable boundaries are, in the general case, the magnitudes

”\/22 [(€1<i))2P5M12 + 22[(52(5))261,»]122 +...,
w2 ) P+ 23N Er ) Ve

Denoting

D lewlpi= k. Y [eolq= k...

we shall impart the following form to these boundaries:

U206 A7+ koA 44k A L —uy200A° A + A

The problem is thus reduced to the determination of A, Ay, ..., A, from the
condition that the expression under the signs of the radicals is minimal and we obtain the equations

kivdh + khdy +...+ khdh, =0, dv + dv +...+ dh, = 0.
Together with the equation (72) they provide

kivi = p, koo = p, ..., kb = p, (plky) + (plka) + ...+ (plky) = 1
so that

A

(Uk)/ [((Mky) + (k) + ...+ (1/ky)]
and

(A/k)L,+ A/ k)L, +...+(1/k )L,
Alk)+A k) +.+(A1k,)

This formula is remarkably analogous with the one serving for the determination of {one of the}

coordinate{s} of the center of gravity if the magnitudes (1/k;), (1/k»), ... are likened to the weights of material
points, and L;, Lo, ..., to the values of their coordinate. This is the very reason why (1/k) is called the weight

of the observation.

It is not difficult to convince ourselves that the obtained expression for U is identical with the one arrived at

under the condition of the minimum of the sum

(e1k1) + (&2°7ka) + ... + (,°7kn) =
(/k) (U — L))* + (k) (U = L)* + ...+ (I/ky) (U — L)

because the value of U making this sum minimal is determined from the equation

A/ k)(U-L) + /k)(U - L) +...+4 (I/ky) (U - L,) = 0.



It can be shown that the same will happen as well in the general case in which the quantities U, V, W, ...
are determined by the observations, i.e., that here also such magnitudes are obtained as make the sum

I/ ke’ + (I ke + ... + (1/ ke

a minimum. Thus, the most probable magnitudes are always gotten from the condition that the sum of the
squares of the errors multiplied by the weights of the corresponding observations is minimal. This represents a
generalization of the method of least squares.

The approach to the method of least squares shown in the preceding sections is due to Laplace.
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